
sD 



MESSRS. HALL AND STEVENS’, 

. * KEW SCHOOL* CEOjyiETRY 


^ ' BY 

» Pandit Kanliaiya Lai Sliarma, B. A. 

J Late Mathemafcijjiil TcacUe^ 

i State High School Jf 

RAMPUR STATE Jf ^ 


H 




) 

i 


Now, 'Pleader Aliga 




PUBLISHERS 


K. L SHARMA & BROTHERS, ALIGARH. 

, All rights reserved. 

Thoroughly Revised. 

> ' 

. Printed by 

Lakshmi Narayan at the Lakshmi Narayaii Press, 



Movaflahafl. 


% 


i 

I 

i 


Third, judUion 
1,000 Goptes 


I ’ I • 


Price per Copy 
12 annas. 




PREFACE 

The piesenfc work provides full solutions of all 
the numerical, graphical and theoretical exercises 
on Messis. Hall and Stevens’ New School 
Geometry, Every ^effoit is made in the woik to 
make the student well grasp the subject of 
Geometiy, and take a deep interest in its useful 
applications. It is for this latter purpose chiefly 
that there is given a diagram with almost every 
exercise, without which the subject is sure to 
become quite dry and tedious for the student, who 
finds no interest in the subject and is ultimately 
- obliged to give up its study and - depend upon 
other branches of Mathematics to make up its 
dificiency. In order to remove this difficulty, and 
excite the eagerness of young students and thus 
make them study the subject thoroughly. The 
diagrams are printed black which has undoubtedly 
made them appear far more beautiful than the 
Oldinary diagrams. 

In practical work, however, for the sake of con- 
venience, the .figures are diawn on a reduced scale, 
y the representative fraction whereof has been given 
at the head of each figure. By the term represen- 
, iaivet fraction of a scale is meant the ratio of the 
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scale in which the figure is drawn to the oiiginal 
length. This fiaction is, for the sake of 
abbreviation, denoted by the letters E. F. The 
student is advised to draw them in their original 
lengths. 

Besides the ordinary solutions of the exercises, 
there are inserted certain notes wherever it is 
though expedient to do so. The chief object of 
these notes is to make the student understand the 
subject well. 

In Older to give a clue as to the w’ay in which 
the 'construction was discovered, it has been thought 
more instructive, in the case of a few pioblems on 
the construction of triangles, to adopt the method 
of analysis than the ordinary method of synthesis. 


Bampub ; 
Jul^ 1910, 
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PART IIL 



Exercises on Tiieorem SI, P. 145. 

R. P. 

1. Take a line AB cm. Bisect it 
Di and draw DO perp. to AB making 

?a=3 cm. Join OA and 08, With centre 
and radios OB describe the circle ABC. 
en ABO is the required circle. 

J(9-M6)=. J(25)«o cm 

K. 

2. With any pt. 0 as centre and 
dins=:l3’' draw a circle. Prom 0 draw t 
. line 0D — 5^j and through D draw a 
lord AB perp. to OD. Then AD 

' JiOA--OD^)— JC169-35)= JU44)=12' 
AB=z-2AD^lW. 

3. With any pt. 0 as centre and 

idins=l' draw a circle, and place in it two 

lords ABfOD measnring 16' and 1.2' res- 

ectively. Prom 0 draw OP.OQ^rps. to 

'D and AB respectively. Join OB and OD. 

'hen 


T'OiT 



>g=j((?g-ggO=j(i-.G4)=j{.36)=.6', and 

P=J{OQ^^D^« 8 " 




[Exs 4-7 ON P. 145,] 
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4, With any pt. 0 as centre anfl radius = 4cm 
describe a circle and place in it a chord 
AB=& cm. From 0 draw OD perp. to AB Then 
GD-= J{pA^-AlF)’= <7(7 ')=2 6cm 

V , 



5 Draw the figure as m Es 4, making the 
Tadiui>=3.7 cm ancl place in it a chord 
AB—7 cm Then ^ ' 

0D= JiOf-AD^)=JilS. ea-i2 25)= 44) 

=rl 2 cm' 

The true distance =12' or 1 ft. 


R. F. 3 


TXi 



B. F 


6. Draw the figure as in Ex 4, making Jbhe 
P8diu8=l 8", and place m it a chord AB 
=2.4' Then 

OD =» J{0A^-AD^)= 1,69-1.44)= J("i25)^ 

= ')" 

Area of the A. OAB=.^ AB OD 

=rj>c2 4x 5=»6Bq m. 



7 Let P, Q be two given points 3" apaxtk 
Join PQ, and bisect it in B and draw RX 
perp. to PQ, With'- centre P and radius 1 7ii 
draw'an arc cutting RX in 0 Join OP. Then 
- --^ith centre 0 and radius (7P describe a circle 
PQS. Then ! 



OR - J(OPt-PR )= J(2.83-2.25)= 


I 




[Ess. 1-3 os P.147 3 




Exercises oa Tlieorenas 31-82,P. 147. 

1 . Ii€t PY^ end QZS be, to concentric 
circles and 0 tbeir common centre. Also let 

be a straight line cnbtwg the tivo 
^'’^ircles as shown m the diagram. Then PQ 
ehdil he equal to R8. 

From 0 draw OX perp. to PS. Then QX 
x=iRX and PX=SXiTh. 37] PX-t^X •^SX-RX i e. PQ 
=RS. 

2. ' (i) two circles whose centres are 
A and B intersect at G and D. Join CD ' 
and bisect , it at M. Then AliHt BM, shall 

che in the same straight Jine. 
f, Joih AM and BM. Then because the 

line AM passing through the centre A bise-^is the chord CD^ 
therefore' the L.AMG ib a right angle; [TA. 81} For the 
samOTeason the tBMG is art angle. ^ Therefore the AMG 
BMC togebher=2 rt, angles, and therefore AM and BM are m 
' 'the same st line'[ TTr. 2 ]. 

>' Cii) Because the st line .45 is perp. to GO at its middle 
M \_proued aboue} The st, line joinings the centres' 
L^bisects the common chord at right angles, 
f 3. Let AB, AG be any two equal chords of 
l^a circle SBC whose centre is O.lt is required 
shbuf ' that the bisector of the iBAO 
' passes through 0. 

From 0 draw 00, OE perpendiculars to 

l®/?r « thsn « and ,5C are tated at/J- 

nad £ L /A 37 J Since /5« AG 
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[ Bxs. 4-6 ON P. 147 ] 

I 

/. Tlieir halves /ID and AE are also equal. ^ 

Jom 04, tUett m the right-angled as 400 and 40c be- 
cause AD=:AE and 40 is common to, both the triangles are 
idcntiuiilly equal \Jh 75], and therefore the L. DAO^ the 
L £40, hence 04 bisects the lBAG^ The bisector of 
the z BAG passes through the centre 0. 

4 Lot 4 and B be any two given poiiits It 

is required to find the locus of the centres Oj 
all the circles passing through A and B 
Jom 45 and bisect it at 0. From 0 draw 
YGX at right angles to 45 Then every point 
on YGX 18 equally distant from 4 and B {^Prob, 74] ANo the 
centre of every circle passing through 4 and 5is,ejiaily 
distant from 4 and 5 THence the locus of the centres of all 
the circles passing through 4 and B is the st. hue YGX which 
hisicts 45 at right angles. 

■5 Lot 4 and 5 be any two given points 
and fiQ a given st line It is required to 
describe a ciri,te passing througij the pts 
A and 5 and having its centre on PQ 

llisect 45 at G and draw GO at rt angles 
to 45 Then the centre of the required c'; 
iPx 4] 

The centre also lies on the line PQ [BgpJV ’• the point 0 
where GO cuts PQ is the requi ed centre. With centre 0 
and radius 05 describe the required circle. 

, This problem is impossible when the given st line PQ is 
pari, to the st line GO. . ' 

6. Let 4 and 5 be any two given points 

and P a given straight line. /f is required 
to describe a circle passing tnrough A 
and b' and having its radius =P. 

- Join' AB and bisect it at 0. From 0 
drhw 00 perp. to 45. Then the centre 
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[ Exs. 1-2 ON P. 149 ] 

hoa on CO. 4] Wiih centre/ and xfldhiB«»/*4r«w an 
arc catting GO at 0. Then 0 is the centre of the required 
circle. IVith centre 0 and radius OA describe the required 
Circle. 

This problem is impossible if the given st. line P is leas 
than AG t. e. loss than half the St. line joining th(f two given 
- points. 

Exercises on tlieorem 33, P. 149. 

1. Lot AB^ BG be two given st. lines at rt. nuglos te 
one another and monsnring 1.6* .and 8* 
respectively. Ii is nquimd to drato « circle 
pcuBtnq through A, B and G, and to find its 
radius. 

Centro of the circle passing through the 

pts. A and B lies on the st. hue DO which 
bxaecta AB perpondicularlv. 

StmiUriy the centre ulso lies on the et. lino EO which 
bisects BG perpendicularly. 

.*. The pt 0 whore those two st. lines intersect is the 
required centre. 

V. With centre 0 and radins OA describe a ctrelo then it 
will pass through B and C. 

Badins OB^ J {0D^+BD^)= J(2.*i5+.6 4 ) 

2. ToVe any line OA*"B 'cm. and through 
A draw BAG perp, to OA and make AB and 
AC each equal to 8 cm. With C«*iitro 0 and 
radius 00 or OB describe the cirUe BCD, 

Badins 0B=:j0A*i’AB^’= 

=V(18)-4.2 cm. , 


JT, 7 . ^ 



u. F. i 
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[Exs. 3-5 OH P. 149] 


'3 TTibh any pb 0 ss conbro and xadins 
s^'cic, describe a circle, and place m it a 
chord AB—i cm From 0 draw OG porp 
to AB^ Then OG the disbntice of the c^ord 
from the centre=^(0i4®-/IC*) 


n. r. i 



= JCib-iJ=J(I3)=3 5 cm. 

Draw a circle ABG whose centre 
IS 0 and radins a 2 5 cm. Place m it a 
chord ^fl = 4 8 cm. From 0 draw 
pcrp. to A B then ib will bisect it at £ 

{_Th 31] With centred and radius 
=2.0 cm draw an arc cubbing OB pro- 
duced at £ With centre Pond radius 
=2 6 cm. draw the circle ABD Joiu OA aud PA, Then 

Of - J{0A^-AE^)= J(G 25-5 7G) - J(l9)= ^ cm. - 

and PEr=‘j{,AP>-AB^=J^ 76-5 70)= 0 cm. 

OP— OE+PE^L 7 cm. Hence the distance between 
f the centres=17 " 

9 

5, With any pt. 0 as centre and radius 
=0 5* describe a circle and place m it twoi 
paralleled chords AS, CD measuring 5* and 
3 2" respectively From 0 draw Of perp to 
'BA aiid produce it to cut CD at F, then 
'Of is also perp. to 00. Join 0>f aud 00 16^13 

Then, 0E=J{0A»-At:*)LjH2 25-G 25)-= .7(86)=6," and 
'0£c= j(pG*-GFi)^ J[ii 26-36)= J(6^=2 6" 
EF=:0E+0F=i6"+i,5’ » 8.5* 


R. F. 




i Exfl. 6-8 ON P. 140 ] 



If the chord OD is placed as G'D" on the came side of 0 
as AS, then BP-OE-OF' - 6''-2.5''=8.5.' 

6, Let 0 be the centre of a circle 
A BOO and let ABi CD bo two pari, chords in 
it measuring 6 cm. and 8 cm. respectively, 
and I cm. apart from each other. li i$ re- 
quired io fitxd its raditts^ 

]?rom 0 draw 0£ perp. to AB cuttinsr 
CD at F, and let 0F=‘x cm., then OE^EF+OF^ (1+^) c®* 

Join OA, 00. Then 0A^=0E^+AEK and 0C*=Of-*+Cf 
.-. 0Fi->rCFi:^0E^JrAEK 

\.e. «®+4’=(l+a)*-|*3® wneuce 

The radios 00=5 *y(«*+4*)*» J(9 +!<>)* ,J(25)=5 cm, 

7, Plot the pts P and Q whose co-ordi* s^ffslKSSp^M 
nates are (G,5) and (6,-5) respectively. Join ^iilSn jl^SI RW 
PQ, and let it cut OX in M, then each of PM ^SShIIsI^^ 
nudQM-5. 

Take any pt. A on OX, and join AP, AQ Then 

AP=AQ. Hence the circle with centre A and passing through 
P also passes through Q. 

8, Let AB and CD bo two parallel 
chords in a circle whose centre is 0. Prom 
0 draw OE perp. to AB, then OE bi.sects AB. 

Let OE ent CD at F, then OF is also perp, 
to CD, and therefore 6D is bisected at F, 

e 

The line joining the middle points^ of two parallel 
chords passes through the centre. 




[ Exs. 9-12 on P. 149 ] 
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'' 9. See &g Esc. 8. 

If tUo 8t, Iluo OEF Cuba any other chords pari to AB or 
GD, it nill bisccb that chord perpendicularly. 

Hence the locus of the middle points of parallel chords 
is a 8t. Imo passing through the centre and bisecting these 
chords perpendicularly. 


10. If possible lot the two intersecting i 
chords GD of the ciiclc whose centre isO, | 
bisect one another at the pb £. Join Of. 

Then since AE=sEBi therefore the L DEB j 
is a rt angle [TA. J7] 

Again 'since £9, therefore the lOEDia art. angle 
in. 31,} 



.*. The C 0EB=itha l OEDt the less equal to the greats 
which 18 impossible. 

Hence AB,GD do not bisect each other. 


11. Let ABGD bo a parallelogram ins* 
enbod m a circle, then Binco the diagonals 
AG, BD bisect one another at 0, hence each 
of them IS a diameter (Ex 10.) 

Their point of intersection 0 is the 
centre of the circle. - 



12. See Pig Ex 11. 

Because AG, BD are each of them a diameter, therefore 
AG-BD. 

The parm ABGD is a rectangle [Ex. 5, p. 
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[Exs. 1-3 ON P. 151. J 


Exercises on Tlieorein 84, P. 151. 

1. Let AB, CD te two of a system of 
fqu.nl chords of a circlo whose centre is 0. 

Jt i$ required to find the locus of the middle 
points of these chords, 

Bjsec^ AB^ GD at the points £, F, Join 

OB, OF, Th( n OE « OF [Th. 3d]. 

.• The required locus is a circle whose centre is’O and 
radius » the common distance of the equal chords from the 

centre 0 

2. Let AB, CD two chords of a circle 
whose^ centre is 0, intersect at the point £ 
such that the Z.0£i4 =the lOED, Then 
AB shall he equal to CD, 

Draw OF, 06 perps. to AB and CD res- 

pcctivelr. Then in the rt. angled AsOEFmi^ Of because 
the lOEF^^\o lOE6, the rt. lOFE=1\io rt lOGE, and the 
side OE IB common to both. 

The triansrles are identically equal \Th. 11] 

0F=0G, and therefore AB = CD {Th, 84], 

8. See fi^re Ex 2. 

If AB is equal to CD, then AE shall he equal to ED and 
CE equal ro EB. 

Because AB=GD, therefore 0F-=:06(Th S4\ 

Now m the rt. angled triangles Off and Of becanso 

0F=06, OE is common to both, and the rt. 1 0££=thc rt. 
lOGE, 

The triangles nre identically equal [57*. 18], 

:,>FE=:GE, 
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[ Bxs. 4-5 ON P. 151 ] 

AIbo AF’"6D i Beeauae they are hal*ee of AB and CD 
respectively ) 

AF+F£>~DQ+OE, or AE=DE. 

^nd AB-AE-GD-DE, or B£=GE. 

Let 0 be tbe centre of tbe given 
c»rcle, PQ and XY two given straight 
hnes, of which not greater than 
the diameter of the circle. It u re- 
quired to draw a chord in i?ie given 
circle shall he equal to XY and 
parallel to PQ, 

Place a chord AB=XY, and from 0 draw 00 perp to AB, 
and OR perp to PQ. From OR cut off 0f=0C, and through 
F draw the chord DFE perp to OR^ Then DFE is pari, to PQ, 
Again because 0F*^0G, therefore DE=AB—XY, 

DEw the required chord. 

5. Let AB be the diameter of the given 
circlOj and PQ a fixed chord m it Draw 
AiS, BN perps. to PQ, Then the sum or 
difference of AM and BN shcdl be constant. 

Bisect AB at 0, and draw OR perp. to 

PQ. Then OR {AM -i-BN) ot i {A'M'~B'N') according aff 
A, B l^e on the same side of PQ dr on opposite sides of it 
\Ex 9,p S5}, 

Since the chord PQ is fixed, therefore its distance OR from 
the centre is of constant length ^ 

Hence the sum or difference of AM and BN la also 

gonStaut. 
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[ Ess. 6^:7 os P. 1 51. 3 



6» , With any point O.as centre, and E F. f 
radiu 3”=4 1 cm draw a circle. Place in it 
two chords AB, CD e&cli=:1.8 cm. [aa tn 
i?jC. S p* 

‘Draw OPi OQ perps. to these chords. 

Then PQ are the middle points of AB and 
and CD respectively \Th. 3X1. 

Because AB ■» CD, therefore 0P*» OQ. 

The points P and Q. as tcell os the middle pcinis of 
all shards 1.8 cm long, lie on a circle whose centre is 0 and 
r3dins=f?P or OQ. 

By Calculation 0P’=> jOA*-AP^:=i 

' «4 cm. Measure OP, and yon will find it=s4 cm. long. ^ 

With centre 0 and radinssi cm. draw a circle, and notice 

that it passes through P and Q. 

7. T.ake any two points 0 and P=4*_ 

apart. With centre P and radins=8.7'' 

draw a circle and place in it a chord 

AB perp. to OP and equal to 2.4* [as tn 

£z. 4], Then / and B are the points 

of intersection of this circle with a 

circle whose centre is 0 and the common chordr=2.4.'' 

With centre 0 and radius OA draw this circle, and notice 
that it ])as£e3 through B. 

Let OP cut AB at G. 

.8.D.' 



Then CPszjAP^-A(P 


' -•.0(?=0P-f?P»4'-3.5'=.5'. 
X.0A> ~~ 


,VW+Cl.2)»=1.8“. 
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[Exs. 1-3 on P. 158.] 

Exercises on Theorem 36, P. 163. 

1, Let 0 be the centre of the given 
circle, and let P be a given point in it It 
tff required to draw the least possible chord 
through P. 

Join OP^ and draiv the chord APB perp. 

to OP Then AB shall be the least pi^siblo ebtiui 

Let CPD be any other chord through P. Draw OE perp 
to GD Then 0P^ being the hypotenuse of the it. angled 
triangle OEP, is greater than OE 

..GDii greater than AB ['J'h SS'] 

Similarly it m ly be proved that every other chord through 
P IS greater than AB. 

n F 4- 

2, Draw the triangle ABO such that AB 
ap8.7*, BGs=9.5'\ and AGssl.$’ ^Prob 5.] 

It w required to draw a circle having its 
centre wi AB, and passing througih the 
points B and C, 

Bisect BG at 0 and dravr BE perp to 
BG meeting AB at £. Join G£ \7itli centre E, and radius 
EC draw the required circle. 

Since AB'ie the diameter of. this circle, heuco its radius^i 
rffi=sl.85" Measure G£, and you mil find its=i 85." 

s 

3, Draw a triangle ABG such that AB 
=26% BG~9’, CAva2 8* [Pro6. S}. It is 
required to dr^w the eireum-circle' of the 

, triangle ABG. 

Bisect BG, AG at tho jiouits D and £ 
wspectivoly, i 
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[ Exs. 4-5 ON P. 153, ] 


Draw DO, EO porps. to BG, AG respectively meeting at the 
point 0. Then 0 is the centre of the required circle {Th, 3^]. 

With cenr,rc 0, and rndms OA descrihe a circle and notice 
that ic also passes throngh the points B and C, 

Measure OA and yon u ill find it=1.62.* 


4. Let 0 be the centre of the given circle of 
which AB is a fixed chord. Let XV bo any 
other chord of this, circle having its middle 
point Z on AB^ It is required to find the 
greatest and the least length that XY 
ean have, as Z approaeh is the middle point of AB. 

0) Join OZ, and draw OG porp to AB, then AB is bisected at G. 
From the rt angled triangle OCZ, we have the hypotcunse OZ 
greater than OG.^ XK is lew than AB {Th, 85], 

Similarly it may be shown that any other chord having 
its middle point on AB is less than AB, 

AB IS the greatest length that XY oan have. 

(n) OZ decreases as Z approaches G {Th, 12, Cor. 

XY increases as Z approaches the middle point of ABj 

(ill) The greatest length that OZ can haven radius of the 
circle. But in this case ZK becomes tangent to the circle at Z 
and hence tne tangent A otB denotes the least possible length ^ 
of XY, 



5. Each unit of the fig ^8'' 

With the origin 0 as centre and 

tadinssrS* draw a circle. It is required 

to show that^this circle passes through 

the pts. P and Q whose co-ordinates are 

(l.r, l.8‘) and, (18", 2.4"). 

Draw PM,^QH and 04 perns, to the 
:e-axi8; * ’ * 
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[Bs8. 1-2 ok P. 155.] 

(0 Because 0P= 

= JO*+P*= -VCW+TO’” 

,*, The pts. P and Q 1» 0“ this circle , 

(n) PQ-J j C2.4-1.8y+(1.8-2 4)s J =.85‘ 

(m) BibCctPQatfl. Then the co-ordinates of /? ate ^ 

. ^ 2 2 / j2*l )' 

^iv^ Jom Off, then OR represents the distance ot^PQ frotn 0, 
hence 13^=2.91". 

Exercises on Theorem 86. P -155. 

1. Let dflB be a given st line, and Pa given 
point. It IS required to shout that all 

-circles passing through P also passes 

through a second fixed point. ^ 

Draw PG perp. to AB, and produce TC to ' . 

0 making OQ^PG. Then $ » a feed point, and AB bisects 
PQ perpendicularly. 

All the points on AB are equidistant from P&ndQ 
IProb Ul 

Oirclp« whose centres 0.0’ etc. he on AB and which pass 

through P, also pass through Q 

2. Let AB he the common chord of 

two circles whose centres are 0 and 0 
and let a st. line PQ pari, to AB cut 
these circles at the pts. P, Q, and ff, S 
t Then PR shah bo equal to QS, 

Let 0,0’ - mterseeb PQ at D, then 
since 00' is perp. to AB, it is also perp. to PQ. Therefore the 
chords PQ and ffS ate both bisected by 00', iTh, SI ] 
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[ Exs. 3-4 ON P. 1 55. ] 

PDj=QD nnARD^^SD. 

. . PD-RD =. QD-SD, that is PR = QS. 

S Let any two circles whose csntrei 

are 0, P intersect at the pts. A and B, 

and let there ' be drawn two pari, st 

lines GADf EBP to cnb the circles 

Then GO shall he equal io EF. 

Eroin 0 and P draw OG, PQ pcrps. to GD, and produce 
tliein bo u.ecb EF at the points H and R respectively Then 
GHRQ 18 a rectangle, and therefore GQ=HR ( 'Jh. SI ). 

Since AG=i\ AG, and AQ=:^ AD, hence GQ=\ CD. 
Similarly HR=:^ EF. 

, But QG=HR therefore GD=EF. 

4. Let 0, 0\ be^the centres of 
two circles cutting at the points 
A and B, and through A let there 
'bediawn two st. lines GAD,EAF 
making equal angles with AB 
'and terminated by the circum- 

N. 

ferencea. Then CD shall he equal to EF. 

Join 00' cntting AB ab P. Then AB is bisected perpendi- 
, cuUrly by 00' at P. 

Draw OM; p'M' ’perps, to GD, and 0N,'0'N' perps.to 
^F. v’also drhw *0' G' pari, to GD meeting OM in G', and draw 
'OG patl bo ff meeting O' N' at G. 

, id the quadrilateral A MOP, because the teat M and P 
‘Ure rt. angles, therefore the z.« >4 P and are supple- 

mentary. ^ 

' ' ' Similarly it may be proved th^b the Ls W AP,N' O' P are 
supplementary 

1^’* the z./If^P=the ^ iVMP^ therefore the LM0P=i the 
L N'O P, „ ^ 

Now m the rt, angled triangles 00' G and 00' G' , because 
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[ Exs 5-6 ON P* 155]' 


the iOO'G^iho LO'OG',bhQ,rL ^OGO'=thprb iO'G'O 
and the side GO , is common fco both, hence the triangles are 
identically equal [?% 17] * OG=0'G' 

Bnb OG--NI\l' and 0’G=MM', MI\I'=NN . Again M *} 
EF, and MM' =:^GDiJEx 4) • GD = EF. 

5. Take a line /Ifi = 2 4 cm Biscctjl 

it ate and draw a lino OPperp to )HB 
at the point G 'From the centre /J 
and radii equal to 2' and 8 7“ cut the 
line OP at the points 0 and P respec- 
tively. With 0 and Pas centres and 



Tadu=2^ and 3 7" draw two circles /its required to find th^ 

length of OP , 

Join OA, PA Then 00= j(0Ai~AGi)\::z Ji~l 44=1 6 
cm , and PG=J{PA'’~AG^^ J j (3 7)Ml 2)s I (=8.5 cm. 

■ ‘ 0P=0G+PG^1 6-f3 5=5l cm 

. The distance between tha'ccntre8=5l''. 

6 See Fig E:s: 5 

Take any two points 0 and P 2 1* apart. With centre" Q 
J and P and radii ^l" and 1 7* respectively draw two circle^ 
cutting one another at the points A and B .Tom OP, and let 
it intersect AB abG Itxa required to find AB, OG, and PG. 
Let PG=x, then 0G={0P-PG)=Q l-ai) 

Then because 0^’-00*=^0^=y?P®-PC® 

?. 1®-C2 l-;fF = (l 7)*-jif*, whence ,Jf =.1.5* 

00 = (2 l-if) = (2 1-1 5)= 6 " 

• AO=- J{A0^-0G^)= J(l-.36)= 

V2>J0=1C* 

Exercises on Theorem 

1 Let 0, P be,^ the centres of two 
, given circles which do not intersect. 

J om OP cutting the circles''at B and 
0 and produce OP both ways to cut 
the circles again pt fi and D. Tb^n 


8 , and therefore AB 

87, P. 157 
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[ Ex3 1-3on ^P. 157 ] 



AD ^hill bs the yreatest and BG the least of the straight 
lines which haue one extieniitij on eaon ofthegwon 
ciroles 

L’iie jyreabPjb sb Ime which his one ostrcinity on each 
of the two given ciicle<» mnst be thab which im^sbes throii h 
thebwo ccubics [/"/J 57J. Therefore is bUe gieait^u 

of snch 8b. lines 

The Msb sb hue which h-vs ou'* extremity on each of the 
two given ciiolc'* m»i->b be bhit which when pioduced, ).iSae>> 
through thi two centres [7/? 57]. Therefoie BG is the 
least of siith sb hues 

2 Let P be uny point on the circumfer- 
ence of H circle whose centre is 0, and from 
P let there be drawn a diameter PQ, and 
two other chords PR, PS of which PR sub- 
tends a gee iter angle at 0 than PS. Then 
PQ shall be the greatest chord and the chord PR shall be 
greater than PS 

Join OR OS. Then because PQ, OR are together greater 
thm PR [r/j //]. And OR^OQ thciefore PQ is gi cater 
than PR 

'' Similarly it mav be pioved that PQ is greater than PS 
or any other chord drawn from P. 

PQ is the greater chord. " , ^ 

In the AS POR and POS, because the two sides PO, OR 
are equal to the two sides PO and OS, each to each, but’ the 
4 POff 18 greater than the lPOS Thciefore is greiitei 
than PS. ITli 75], 

*3. Let be a point of intersection 
of two circles whose centres are 0 ahd 
P. Join OP, and throngh A draw a 
st. line BAG pari, to OP and leiminatcd 

f 

by the circumferences. Then BG shall 
be the g eoiest of 'aihsugh straight lines drfiwn through A. 
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[ Bx. 6 ON P. 159 ] 





Becannc the centres P and Q hoth lie on the •s-atis, there- 
fore the St. hue RS is bisected perpendicuiurly by the cc axis, 
and therefore the coordinates of S arc ( 0-8 ), 

/ ro/j z+0/?3)=: J(3G+61) =10, 

.and QR-=J j(225+G41=17 

6. Let OAB be an isosceles triangle hav- 

ing the vertical angle 0—80*. With centie 

0 and radius OA draw a circle, and lot 

P,Q,R .. be any number of points on the 

circumference of this circle and on the same 

Bide of AB as the centre 0. Join AP, 

BP, AQ, BQ; AR, BR .. 

Measure the angles APB, AQB^ ARB.,, and you. will find 
each of them to be equal to 40\ 

Now take L 405=60% aud do the same construction as 
given above You will then find that each of the angles 
APB, AQB, 4 ^ 5 = 30 % 

'I he angles subtended by anlf •eberd at tliv ctrcu'n/trencn 
of a circle are all equal to one another, and each of them is 
equal to half of the angle subtended by the chord at the centre. 

Exercises on Tiieorem 89, P. 161. 

1. It the L BDC==U", Fig V Fig. 2 

then the iBAG= th*^ 

<£. BDG-’i4’‘, and the l B0( 


—2 the lBDG, =148* 

Therefore the L OBG, be- 
ing half the supple 

mcut of the lB0G=^ i 
( I80*-148* )=16% 

2. See Ex. 1 Fi^. 2 

Because the i s XDG, XCD, DXG togothei =180* [CT. 7d] 
^„^?^=l 80 "-thetwo Za^OOaud oWsO* 

H40 -fza )=ll<» . j 
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[ Ex. 1 OK P. 163 ] 


• The LBAG—i\iQLBDG=ll5%mA the reflex lBOG 
=2 the lBDG = 2S0\ 


8. See Fjg* 1. 1. 

Uccanso the z « GBD, BCD, BDC togother=180* [Th JG^ 
Thcicforetho z fiflC=180°-thi. two Li GBD and. BCD^ISO 
-C43"-K§J°)=5.'j\ 

' The LB^0s=lheLBDB‘^5y,and the lB 0G=2 the , 
L IIO" > 

finch of the L a DBG fthd OGB, being hnlf fc}ie j«n]iple- 
meut of the z B0G=\ (1«0"-110*)=3.')'. 

• The 0BD=t]ie lOBD-the L0BG=iV-S:>'‘=8% .ind 
the z OGO=tho z BGO— the z 0G3 => 82"— 35‘’=47'’ 


4 See Fig, 2 Ex, 1 

T' » “quirt'd to jn ove ihnf L BOGsd L BAG-GO" '' 

3ecnn-,o z 0BG+ L 0GB+ L BOGsslGO" and / OBO^ 
L 008, thoiefoie 2 z 0BG~180"- L BOO, and because Z BOO 

=300"-ref z BOG 


T63. 


2 z B0G= l80"-( 3Bft’-ref lBOG )^ ret 4 BOG-188" 
lBOG^^ ref z BOG-88"^ i BAG -88". 

Exercises on Theorem 40. P 

1 T\’'ith any point 0 as centre and rndins 
=1 6" draw a circle T »lre any point B on 
the circumference, and make the cABG 
t=12G*, the arms of which ent the circnm- 
frence at the points A and C ' 

Take any other point D on the circnm- 

frence, and join AD, CD Then ABCD is the required quad- 
nltttnal 



Afposnre the Z ADO, and you find it=« ri4' 

Mensvrr also the La BAD, BCD and you will find them 
*=74' andlOG' rcspectnely 



ffixs 2-4 ON P. 163 } 
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The oppo 3 ib 9 angles BAD, BCD of a cyclic qaadcilateral 
are supplementary. 

2 Let A BCD be any cyclic quadrilateral. 

It IS required to prove that the L s ADD, ABG 
together =2it angles, ae tocll as the LsBiD, 

-BCD logethet =8rL angles. 

Jom AG and BD. Because the L fiZ)C=thc iBAG, aud 

the L ^GB>=- the lADB [2%. 39]. 

Tbe z.i40(/=the LADB+t)iQ £.BDG—th.e LACB+ 
the lBAG. But the Ls AGB, BAG and ABG t0gebUer=2 rt, 
angles [Th 16]. Therefore also the i s ADG and ABG together 
=2 rt. angles. 

Siifiilarly it may bo proved that the i s BAD and BCD 
together »= 2 rt angles. 

3. Let ABCD be a parallelogram eboUb 
■which a circle can bo described. Then ABGD 
s\iV be ar 0 tangle. > 

Because >45(/0 ]i 8 a cyclic quardnlatoral, 
therefore the La BAD, BGD togcbher=2 rt 
angles. \_Th 40] Again becnuse ABGD is a 
parm. Therefore the L BAD = the L BGD. - 

Each of the Ls BAD, BGD is a/ rt. angle. ABGD is a 
. rectangle. 





4. Let ABG \}Q an isoficeles triangle, and let 
there be drawn a st. line XY parallel to BG 
cutting ABjAG at the point** X ani Y respectively. 

Then the four points B,G, X, Y ihalt Ite on a 
circle, , 

Because the l a YXB, XBG together =» 3 rt. angles [Th 141, 
and the i XBG^lhn l YGB [T^^ 5]. 
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{Exs 1-2 ON P. 165] 


The L 8 YXB and YGB togother=2 rt angles 
Similarly it may be proved that the l s XY6 andi X8G 
together « 2 rt. angles. 

. . The points B, G, X and Y lie on a circle [Converse of 
Th 40], 

5, Let ABGD be a cyclic quadrilateral of 
which the side BA is producodg to £. Then 
ihe^exterutr angle EAD shall he equal to the 
vnterxo r and opponle angle\‘BGD, 

Because ABGD is a cyclic quadrilateral, 

therefore th« Ls BAD and flC/) bogether=2rt. angles [Th 40] 
Also the is BAD and EAD together=2rt angles [Th 1], 
Therefore the i s BAD, BCD together^tho i e BAD, EAD 
Talre away the coininon L BAD from each of these equals, 
then the i BGDssthe i EAD 




Exercises oa Theorem 41, P 166 

1 Let AGB ho a triangle right-angled at G It 
w required to prove that the circle described 
on the diameter AB passes through G ' 

Bisect AB at 0, and join 06 Then 0C=} 

AB [^x JO, p 47 OA=OB=OG. 

. . A circle described with centre 0 and radius 

pass through the points B and G \Th 55]. 

2 Let A and B be the points of inter- 
section of any two circles, and let there be 
drawn two diameters AP, AQ one in each 
circle. Then the points P, B and Q shall be 
collinear 


OA will 



[Exs. 3-4 ON P. 165] 
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Join y?g , mi QB. Then because AP\s a diameter 
therefore tne L ABP is a rb angle [2% 47] 

A.o'am becanae AQ isa diameter, therefore the A ABQ is 


a rt. angle 

The *718 ABP and ABQ together = 2 rb. angles. PBQ 


is one straight lino [2% 2]. ' 

3. Let ABG be an isosceles triangle, and 

on one of the equal sides AB aa diameter a 

circle is described catting BG at the pt D. 

Then-D shall be the middle point of BG. 

Join AD. Then because AB a diameter 



therefore the A ADB is a right, angle {Th 47], and bherefoie 
AD is perp to BG 

In the right-angled As ABD and AGD because the 
hypotonuse AB’^ the hypotenuse and the side AD is 
common bo both therefore the triangles aie identically equal 
(2*^ 18). 

.* BD=GD and therefore D is the middle point of fiC?. 

4 See Figure Ex. 2 

Let APQ be a triangle, and let AB be the perpendicular 


drawn from A to It is required to prove that the circles 
described on AP, AQ as diameters will intersect at B. 7 

Because ABP is a rt angled triangle and AP iB its 
hypotenuse, therefore thi circle described on the diameter AP 
will pass through B [Ej:. 1] 


Similarly it may be proved that t he circle described on 
the diameter AQ will pass through B. 

.. The circles described on two sides of a triangle a 
diameters intersect on the third side at a point where th ® 

perp. from the opposite angular point cuts the third side. 

The pt. B will be on PQ produced if the a>.APQ is obtuse 
angled ab PorQ 


2i [Exs 5-6 021 P 1651 

5. Let PQ represent one position of the 
straight rod sliding between two straight 
rulers OX and OY fixed at right angles to 
one another. 

It ta required to find the hate of the middle point of the i od 

PQ. 

Bisect PQ at R, and join OR Then OR^IPQ, {Er, 10,P,4Ti 
Becinse is of constant length therefore OR is also 
constant Also 0 is a fixed point. 

.* The locns of is a circle whose centre is 0 and radius 
PQ 

But since the rod PQ alwajs slides between the rulers, 
therefore its middle point R never goes beyond these r ilers. 
Hence the required locus is a quadrant ARB of this circle lying 
between OX and OY 

6. Let 0 be the centre of the given 
cTcle and P a given point It »s requir- 
ed to find the middle point of the chorda 
of the given circle draton through P 
Through P draw any chord PDE and 
bisect DE at G Join OG Then OG is 
perp to DE {Th. Si) 

PGO IS a right-angled tnangle, and hsnee a circle described 
upon the diameter OP passes through G {EX 1) 

The same is true for the middle point of auy other chord 
drawn through P, 

The locus of the middle points of all chords drawn 
through P JB a circle described on the diameter OP 

OP IS less than, equal to, or greater than thj radius of 
the givreu uncle according as the pt P lies mihxn, on or 
without the Circumference". 





[ Exs. 1-4 ON P. 170-71. J 
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Exercises on angles in a circle, P 

1 Let P be auv point on the arc of a 
segment of which AB is the chord Then 
the sum of the LS PAB and PBA shall be 

constant* rTt. a.i 

Sum of the is PAB, PBA ami APB=m [Th 75] there 
fore T.hc z.Pi4B+the z, PP^sslSD'—thj lAPB, But the 

Z /Pd is,tli8 ci)M*itaHt ^ .-.The sum of the Zs P/P and 
PBA IS also constant 

2 Let PQ .md RS be any two chords of a 
circle mtersectiug at X. Then the triangles 
PXS and RXQ shall be equiangular to one 
another 

Because the Z PSR * the Z PQR, and the 
lSPQ=z>)xe iSRQlTh 89} 

AUo the z PA'S*" the lRXQ 
..AS PXS and RXQ are equiangular to one nuother. 

3 Let there be any two cities 

intersecting at / and B, and let through 
A there be drawn any st line PAQ ter- 
minated by the circunlferences It is 
requiied to prove that PQ subtends 

a constant angle at B 

Since the chord AB is constant, therefore the LsBPA and 
BQA aie constant 

.*. The z PBQ being the supplement of the sum of 
Zs BPA and BQA [Th 75] is also cons' 

4 Let there be any two circle 
intersecting at / and B and throutrh 
A let there be drawn any two st. Imei- 
PAQ, XAY‘ terminated by the circnra- 
ferences. It is reduired to nroue 

that tha nrno DY « nv ll3aS2aBS2gaS5S»^J?^ 

mat me arcs PX and QY subtend epual angles at B 
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[Exs £-G ON P. 170-71.] 

Jom PB, XB, QB and YB. Then the LPBQ=thB lXBY 
£fx. 5J. From each of them take away the common LPBY % 
The lemaining L t PBX and QBY ate also equal 
5. Let there be any point P on the arc of 
a* segment whose chord is and let the^bi- 
seotois of the ls PAB o-txA. PBA intersect at 
0 It IS required to find the loous of 0. 

From the aOAB, the angles 

... .(i),Y and from the A APB the angles /’+i4+fi‘*180^ end 
therefore JP+^i4+ifl='J0". (ii) 

Subtracting (ii) from (i) we have 

0«=»90*+iP.Bat the 4.P is constant, therefore the L 0 
is aUo constant. 

*. The locus of 0 is an arc of a segment on the fixed chrod 
AB, and containing an angle =90’+iP 

6, Iiot there be any two cho>dB AB, Cf 
intersecting within the circle at the pt / 

Then the iBPG shall be equal to thi 
angle subtended at the centre by half 
the sum of the aros AD and OB 

Since the angle subtended at the centre by half an arcsn 
the auscli* subtended at the circnmference by the whole arc 

.*. The angle subtended at the centre by half the sum of 
the arc^ AD and 6C=the sum of the angles subtended at the 
circumference by the arcs AD and BO /.e =:the sum of the 
Ls AQD and BAD 

But the.ost L fiPCsstho sum of the l b AOD and BAO. 

.. The LBPO—thz angle snbtenjed at the centre by half 
the sum of the arcs AD and BO, 
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[ Exs 7-9 P. 170-71". ] 


7. Lefc there he any two chords AB^ CD 
intersecting without the circle at the pt P . 
Then the l BPD shall be equal lo the 
angle subtended at the- centre bg half 
the difference of the ares AG and BD. 



Since the angle subtended at the centre by half an arc= 
the angle subtended at the circumference hr the whole arc 
/. The angle subtended at the centre by half the difference 
of the arcs AG and 5/?=th“ differercc of the angles subtend" 
ed at the circumference by the arc AG and 80 /. e. the differ- 


ence of tne Ls ABG and BGD. 

But the 'L6PD=&he o-rt. l 45f?-the int. end opp. L BGD 
ijh. therefore tbs i BPD=ih.e angle subtended a tthe centre 
bv htlf the difference of the arc= AG and BD, 

8 Let BA and BG be any chords at 
right angles to one another. Then the sum 
of the arcs out off bg BA and BG shall= 
to the semi-Qircumference. 



Since the L ABG a rt. angle. 

The segment ABG is a semi-circle. 

The arcs cut off bv AB end (?together=semi-circnrofcrenee. 
9. Let AB be any fised chord of a circle ; 
and P any point on the a/c ACB cut off In 
AB. Join P/i, P5'and let the bisector of Ih* 


lAPB meet the conjugate arc at Q, 
for all positions of P, the pt. Q shall 6e 
fixed point. 


therefore the arc AQ=the 

arc BQ ITh 42} ^ 


.* Q being the middle point of the arc AB ls a fised point. 
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[Exs. 10- 2 on P. 170-71 ] . 

10 Let AB and AG bo any two chords of u 
circle Bisect the 'mmcr arcs AB and AG a 
thepbs Pand 0, and ]Oin PQ cait.n^ A B 
X and AG at Y' Then shQ.ll AX— AY. 

Since L AQP— lABPiti the same segment 

ITh 89}, AP==PB}^ tVTh 891 

And. L APQ= L AGO m the same segment |, in rfyj, 
z=i/iGAQ [ • AQ=QG} 

• The third angles of the AS ^QKaiid are also 

equal, ojz lAYQ—lAXP , /iw 

. Their •'uiqilcments are also equal, VIZ LniA — LnAi 

and therefore AY— AX 

11 Let ABG be any triangle niscnbcd in 

the circle ABG, and les the bisectors of the 
LsA,B and C meet the circumference at 
the pts X, Y and Z respoctivelj Join XY, 

YZ, and ZX. Then the angles of the tii- 

angle XYZ shall be equal to 90*-?> 90 aou jU ' 
The lZXY= LZXA+tixQ lAXY 

=the lZG A + the lABYITIi 39] 

3 o -5[ % 1+1+1=90“ Th 16] 

fi.milarly it can be proved that /.ZZy'=90°-^ ?ud 

Azrz=9o“-| 

12 Let any two circles APB, AQB inter- 
sect each other at A and B, and let P be 
any point on the circle APB. Join PA and 
PB and produce them to meet the circle 

AQB jn the pts, Q and R. Then the are 
QR shall be oonstant. i 

Join AB and.i^fl, then since AB is a fixed chord, therefor 
z s APB, ARB are constant. 
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[Exs. 13-15 on P 170-71] 


..ext. LQAR=zihe LAPB+the lARBlTh 75] is also 
constant. 

The arc QR is of constant length 

13. Let- 'AB and CD be any two paiallel 

Chords of a circle ACDB Join AC, BD^ AD 
and BG, Then shall AGr=^BD, and AD—BG 
Since the L >455=tbe alt I BCD \Jh.14) 

ther afore the arc ^C=:the arb BD (Th 42), and therefore 
the chord /C=the chord BD (Th. 45) 

. Again becjuae the Ls BAG, BDG are supplementary ( Th 
40). as also th^ L S BAG, AGD aio sapplemejuitary (Th 14) 
/.The LBDG=th.i lAGD, and therefore the arc 55= 
the ato^AD. 




\ The chord 55a-the chord AD (Th 45'^ 

14. Let two equal circles and QYA 
intersect at the pt. A, and let PAQ am 
XA Y be any two st lines drawn from A am 
terminated by the circumferences, 

Then the chord PX shall be equal to the chord QY. 

Because the l P/4/=tho lQAY, therefore the arc PiV=the arc 
QY (Th 42), and therefore the chord PX^ih^ chord QYJJh 45) 

15. Let any two -equal, circles and 
AQY intersect at the pts. A and B, and 
let PAQ and XBY be any two parallel st 
lines drawn through A and 5 and termi- 
nated by the circumferences. Join PX and QX Then PX shall 
be equal to QY, 

-Join AB, then since PA is pari, to^/5,theTeforePX=^6 (Ex, 7S) 
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fExs 16-18 OK P. l70-n] 

Similnrly QY=:/IB (fx. 73) therefore PX 
16. Let two equal circles AGB and ADb 
intersect each other at the pts* A and B 
and lot PAQ be any st lino drawn th’ongl 
A and terminated by the cncnmfcieuccs 

Then BP shall be equal to BQ 

Join AB Since th*' circles arc equal therefore the chorde 

AB will cut equal arcs AGB and ADB (Th 44) 

The angles standing on these equal arcs are equal, ulz 

the iAPB=:ih.<i lAQB (Th.43) Kcnco BP=BQ 
17 > Let ABG be an isosceles tiianglo ins- 
cribed in a circle and let the bisectors o f the 
LS G and B meet the circuTuference at the 
points X aud Y respectively Then BX, XA, 

AY and YG shall be equal to one ananother 

Bpcause the lABG r=tho lAGB and BY, 6X bisect tiiem, 
therefore the LS ABY GBY, AGX and BOX are all equal. 

7 The aicH on uhich they stand arc nho equal (Jh 4S), and 
the chords which cut off these equal arcs an* equal {Jh 45) 
oiz, .*. the chords A Y, GY, BX and AX are all equal to one another 
(li) In order that the Pg BXAGY be equilateral, the an- 
gles subtended by its sides must bo equal, and therefore the 
z3>ie=tho iYBG^hBs=lG, 

Hence the vcrticaf angle must be half of 
angles 

18. Let ABGD be a cyclic quadrilateral, 
and let BA,GD produced meet at P, and BG, 

AD tA Q If the orcumcircles of the tri- 
angles PBG, QAB mterrect at R then the 
points P, R and Q shall be ooll meat. 

Join BR, Then because the i BeP= 


each of the base 

\ 
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[Bxs 19-20 os P. 170-71.] 



the L BRP [ Th 39 ] nud the L BAQ^tha l BRQ [ Th, 
The L W+fche l 5/?0=tJie L BGP-^-\>hs. L 
BAQ=IW {Th ^0]. 

PR and RQ ore ni one st line t e, the pts. R and Q 
arc collinear. 

19. Let ABR be a tri»ngle and let P, 

Q, R the middle pts. of GA^ AB and BG 
respectively. Prom A draw AX perp 
to BG. Thtn the pie. P, Q, R and X shall he 
concf/dic. 

Join PQ, QRt PR, PX and QX. 

IJecanse AXO ib a right-angled triangle, and P is the middle 
point of the hypotenuse AB therefore AP‘^PX [ Prob. 10 3 
and therefore the L PAX=^l\is 4 PXA 

Similarly the l QXA=i\i^ L QAX therefore the whole 
I pXQz=\he whole 4 Pl>Q. 

Again because PAQR is a parallelogram [ JEh; S P. 64 ], 
therefore the Z PRQ ^tho l PAQ, and thcroli/rc z PRQ 
= Z PXQ. 

The points P, Q, R and X arc concychc [ Conve? es of 
Th, 

20, See figure Ex. 19, 

Let Y and Z represent the feet of th^ perpendiculars' 
drawn from B and G to the opposite bides- Then as in tho 
last exercise it can be proved that the circle jiassiug throttgbs 
the points P, Q and R also passes through the pts K and Z, 
Therefore the middle points of the sides of a triangle and 
the feet of the perpendiculars let fall from the vertices onr 
the opposite sides fate concychc. 

21 . J jet be the given base, and ABB 

the given angle, then the vertices of ell’, 
triangles on this base and having a vorti- 
cal angleszthe z ADB lie bn the arc AGB 
( Converge of Th. 39") 

The bisectors of the vertical angle snJl7fl ill p-isv^ioos 
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[E'is 1- os* P. 177 3 



of C pnRS tbroogh P the middle point of the minor ore f*B 
(Za. /f) 

22 Lot he atii iigle iiiicrihcd in 
n circle, nn I let f be the middle jioint of 
the ft’^c subtended hj DC on the side re- 
mote from /. Draw £D the diameter of 
the circle, and join A£. Tlun tht l AED 
shaU^\ ( B~D ) 

.Toin5£, EG, BD and CD Ihcn l'pcnit»-e Ihe art fi£=the 
arc GE, therefore the l BDE~ l CDE. ard btcsiue ED ii the 
diameter, therefore the Lt DBE,DCE Mtt\ angles 

* The three aiiglca of the rt nnplcd trinngUs BED and 
CED arc also cfiitid eis the 4 OED-=ii\\t‘ L BED. 

ic., tho 4.C£ifl-thc 4 /£/?=:thp 4,££^-flhc lAED 
.. 2 the 4 AED=s\\i\i 4 Cf4-the 4 BEA. 

=:lho 4 (?64-tho 4 BCA. 

the 4 AED-l ( 4 CBA- L BOA (B-G) 

Exercises on tlie Tangent, P. 177- 

1 . IVith any point 0 ns centre mid mdii= e. i. ^ 

S cm and S cm draw tao coiiccnlnc cir- 
cles* Draw AB, GD, CF& senes of chords 
of the greater circle which touch the smal- 
ler circle at tho points P, Q, and R rcspcct- 
ivelj. Join OP, OQ and OR then, these 
ate perpendiculars to AB, CD and EF res- 
poctivelj . 

Because OP, OQ and OR are equal to one another there- 
fore AB, CD and OF are also equal ( Th, SI ). 

Join 0/f,thon AP=J~iOA'--OP^)^ J Om 

^5— 8 cm, These chords arc each 8 cm. Ion®', 
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[ Exs. 2-6 ON P. 1 77. ] 

S. See figure Ex. 1. 

li AB,GD, EF^\q cacUl G" long, and then OP. 

OQ, OR nre all cqu.il to one another (7%, Si.) 

Ileiics they touch a concentric circle whose radins 0P= 

8. See figure Ex 1. 

IE 0P=2,’\ cm., and OA—5 cm., then RP=z J (OA^ — OP^) 
= id— 0.25 )=1.33 cm , nearly. *5^ AB=:2AP=iS 7 cm , 
nearly. 

4, llecaiisie OP la perpendicu- 
lar to PT {Til 4G). hence if 0P=5", 

TO » I£_thcu pr= J{0 P-OP ^) = 

JU6a-i.')=i2". 

Draw the figure, measure tHi* 
l-vugent and the l P0T,mi^ jou 
will find them equvil to l5l" and G7* 
res peccivoly 

5, See Figure Ex. 4. 

IE0P=:7*. and PT=2.i\ then 07= J { OP^+Hi- »= 
J (.49-f-5.76)=2,5«. 

6. Let 46 and 4(7 be any two in- 
tersecting St. lines, nnd let 0 bo the cciitrc 
«f the circle touching them at the points' 

6 and G. Then the point 0 must lie on the 
Uicclor of the i. BAG, > 

Join 66, 66, and OA\ then the is ABO 
and AGO are rt. angles {Th. 40), 

i 

, Then in the A« 466 and 466, because 66 = 66, 46 is 
common to both, and the rt. i 466~the rt. i AGO, there- 
fore the triangles are identically equal {Th 18). and therefore 
the z.646=the i GAO ? The point 0 lies on the biscotor 
the Z.646. 
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7. See figure Ex. 6. 

Join BG and let it intersect OA at the point F. Then thnll 
OA Useti BG at right angles. 

Since ABszAG (2^.47 ,(7w.), therefore ABC is an isojteles 
triangle. 

Again since AO bisects the rertical angle BAGt 
AO bisects the base BG perpendicularly. 

S. See figure Ex. 4. 

Join PQ Then shall the L PTQ=s2 the L OPQ. 

Because each of the Ls OPT and 0^7 is art. angle 
(TA 41), therefore the points 0, P, T and Q are conoyclit. 

L 0PQ= L OTQ in the same segment ( Th. 4d.) But 
iPTQ—'i I OTQ therefore iPTQ=:2ihe lOPQ. 


9. Let the tiro parallel tangents PQ and 
B8 touching the circle rrhoStj centre is A at 
the points Q and S,'be cut by a third tangent 
PR touching the circle at the point 0. Then 

shaU PR swllend a right angle at A. 



Join APf AO saiAR, Then because PQ and PO are two 
tangents drawn from P, therefore the LAPO—tha lAPQ 
(JJi 47 Cor.) 

.••The i.^P0=4the iQPO. 

Similarly the lARO’^^lTas lORS. 

.• The i^PO+the i/P0=J (the i()P0+thc lORS). 
= l of ISO* (Lfi 14)=:90*. 

The third lPAR of the A APR is also a light angle. 

10, Let QOR be the diameter of a circle, 
and let PX be the tangent to it at the point 
R Then shall QOR bisect all chords parallel 
oPX. 

Praw a chord dfi pari to PJT and let it 
tJntersect QR at the point G. Then because 
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QR 18 perpendicular to PX, it is also perpendicular to AB, 

and thcrofore QR bisects AB at the point G (TA. 51), 

Similarly it may be proved that QR bisects all chords 


paialleled to PX. 

ll. Let AB be a given straight line, and G a given point 
in it. ft IS required to find the locus of the 
centres of all ciroles which touch AB at the 
pt. 6. 

Let C be the centre of any orle of such 
circles. Join GG, then GG is perpendicular to 
AB iib the point G 

Similarly if D bo the centre of any other of such circles, 
then 06 is pcVpeudicnbvr to AB at the point G. 

And since there can be onlv one perpendicular to AB at 
the point G, hence the st line GO which is perpeudicnlar 
to AB at the point 6 is the required locus. 







12 I jet AB and GO be anv two parallel st. lines, 
It is required to find the loom of the cen- 
tres of all circles touching each of the st 
lines AB and GO. 

j Take any pt. Pm AB and draw PQ 
perpendicular' to meeting 00 at 'Q. 

Then PQ is also perp to CD, 

Bisect PQ at 0 Then a circle described "with centre 0 
and radius OP or OQ will touch AB at the point P and CO at 
Q[Tk 46], 

Thus we see < that the centre of a circle touching two 
parallel sf. lines is equally distnut from them, and therefore 
the locu^ of the centres of such circles is a st. line parallel 
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to the given st lines and (^ra^\n midway betvicen tbem. 

13 Tne centre of any circle wb1tb 
touches two nitersectins st lines lies on 
the bisector of the angle between them 

(r® 6 ) « 

• The locus of the centres of all cir- 



cles which touch two intersecting st lines AB, CD ifl a pair of 
si lines fff, ///T bisecting the angles between the two given 


st lines [■ Froh 15 ] 

14 Let A BCD be a qnndrilateral cir- 
cumscribed about the circle PQRS and 
touching it at the pts P, Q, R and S. 
Then shall AD+BGhe equal to AB-^-CD 
Because from W two tangents AP,AQ 
Are drawn to the circle theiefore AP—AQ 



ITh, 47, 007^ 

Similarly It may bo proved thnt DP=DS, BR=BQ and 
CR^GS ^ .. AP+DP+BR+CR=AQ±DS+BQ+GS. 

, > iQi" AD’\rBG—AB ^GD 

Converse. 

If the sum of one p ar of opposite sides of a qua- 
'dnlaterat be equal to the sum of the other pair, then a 
circle can be inscribed in it. 

Let /ABC/)' oe *>nch a quadrilateral harmg AD’-i-BG=AB 
-t-D'G. 

It IS required to j» ore that a cn tie can be inscribed in it 
Bisect the angles BAD' and ABG by the st. lino!, AO, BO 
meeting at the pt 0, thm 0 is the centre of the ciicle touch 
ing the sides D'A, AB and BG {Ex ff) 

If this circle docs not touch the side D’C, then from C 


I 
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driTT CD fc'in^ea*’ tofch'j circle , masting /?'4attfacpt D* 
Then AD-k^BG-AB^DO {Proztd a&or/>)....„ ,.(i) 

Also AD ^BG=AB+D’G ( Hyp.) 00 

Sabiractins (i) from (ii), Ave have AD' — AD—D'C — DG. 
DD'^D C — DC. Tvhtch is impos'siWe. [Ex, S, P, Si] 
The circle elao touches the side D'C, end hence a cir- 
cle can be inEcribed in the quadrilateral ABCD\ 

15. See fig Ex li. 

Ii vt requu td to provi that AB and CD as tcfll as AD and 
BC subtend sn-pp^^mintarij angh at (ho centrf 0. 

.Tom 04, Oe, OG, OD, OP. OQ. OR and OS. Then the 
I 40P«the / AOQ {Th. 47, Cor,] and therefore the lAOP 
=:Uhe lPOQ. 

S’lalhrlvthe iP00=t the i POS, the i.00P=ttha 
£SOP;and-tbe l R0Bz=\ the c ROQ. 

..The z dOOd-the L 'C03=l (the z POa+the z POS 
-hthe z50P d-the lR0Q)^2 rt. nnjilcs. {Jn. 7, Cor 2), 
Simuarly the z/OO-f-the £.000=2 rt. angles. 

Exercises on tlie contact of circle, P. 179 

1. Take any tvro points A and B 2.0* apa’-t. R T. ^ 
■With centres A and B and r,rdij=.0" 
and 1.7' draw two circles, and not'ce 
that they touch esternaliy at a point C 
in A8 sach that AO = .9" and SC = 1 7'. 

They do so, beenuso the sum of their 
radiiss.') 4*1.7 =2.C srdistauce between their centres 
[n. 4S. Cor. 1]. 

.( !i ) From, GB cut off BD=.S\ With centre D and 
radins=,9' describe a circle, and notice tLitthis circle 
touches the circle whose centre is B, internally st the pb C 
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It does 80 , bocntiko the diiTcroixco of their radiis=1.7*— .9* 
= 8’ =<fcho disbaucc between their centroB. pTA. 48, Cor. S\, 

2 Draw a L ABG such that BG, GA 

AB meiisiire 8 era, 7^cm , and 6 cm res- 
pectively [i’roi. 8] 

"With centres A, B nnd G and radii 
measuring 2 fi cm, 3 3 cm and 4 5 era 
respectively, diiiw three circlcB. Then 
thcr will touch lu pairs ut the points 

D f and F, because AB—AD+DB—2,'i+io’»Q cm , BGss. 
5£-)-f(/s=8.5-l*4 3“8cin ,and GA^GF'i-FAs^i 5-f"2 o— 7cm 

3 Take any two st. lines GA, GB at it. R ^ Ttr 
angles to one another, and measuring 6 cm. 
and 8 cm. respect-vely. Join AB, then ABG 
ts the required irtangle. 

With centre A and radin6=7 cm. dcEcnbe 
a Circle cutting AB at 0 

Bccdubo AB- J {A'G^+BG^— J ( 86+64) 

=10 cm. *7 . 1! n circle bo drawn with centre B to touch 
the former circle, then the radius of the latter rircle=10-7 
»3 cm., or 10+7 «■ 17 cm. as shown m the diagrnm 

4 Take any two points A and £ 2 cm 

apart. With centres A and B and radii 8 
cm. and S cm. draw two circles QER and 
QSS’, then they will touch each other inter- 
nally at the point Q. 

Join BA, then BA produced will pass 
through Q I ’Sh 48 

Let P be th6 centre of the circle touching the circle QSS' 
mbernally at S, and the circle QR£ externally at R Join AP 
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ond BP, then AP passes bhrotigh R, rnd BP produced passes 

tbrougli 8 [ Th. 48 ]. > 

Than because AP=AR-^PR, md BP=^BS-PS=iBS — PR 
^ AP+BP-AR+PR+BS-PRr*AR+BS=Z+Ti>^Scm. 

Similarly if P' ba the centre of any other such circle, it 
can bo proved that AP’+BP' cm. 

AP+BP='iXim of the radii of the given circles, and is 
therefore constant. 

5. Take a sb. lino AB^^i".' Divide it K. F. ^ 

inr.o i equal parts at the pts. D, C and £. 

With centres D, G and E and radiirrl'’, 

2" >*nd 1* re-.p(*ctively, draw scmi-circles 
AQG.APB and CRB. 

liCt F be the centre of the circle toncU- 
lug the semi-circles AQ6 and CRB estcrnully 
at the ptB. Q and R, and the semi-circle APB internally at 
the pb. P, 

Let X denote the rad ins of the circle PQR, then 
(?f«eP-££=2'-xaud £f=Z?<?+fi2 -!*+«. 

Because DP=DG*+GF3, therefore 
Or l-f2{c+x*=l-l-4-4a:-i-a,*, t. e 

6. Let two circles whoso 
centres are / and B touch cneb 
other at the pt. G. Through G draw 
any st, line' PCQ cutting the cir 

^ cumferences at the pbs. P and Q. 

Join >}p*nnd BQ. Then shall Ai- 
de parallel to BQ. 

Join AB, then AB passes through C [5%. 48]. 

^ Because therefore the lAGP^^tho lAPG. 

Again because BG=BQ, therefoic the, i BGQ:=the L BQG 
But the L i4C/*=the l BGQ, therefore the L APG’^ihs L BQG, 
and these are albernate angles. 

AP 18 parallel to BQ [ Th. 18 J. 






I 
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7. See fig. Ex. 6 

Diaw DQE and FPG tangents to the circles it thc^pts Q 
and P respocbivelj. Then shall F6 be parallel to DE. 

Because tlie is DQ3 and 6PA are rt. angles [ Th 4C ], 
and the i/IPG<=ihe iBQO lEx, C] 

.*. The rem i GPff=the rem. lDQO^ and these are alter- 
nate angles. 

*. DE 18 parallel to FG [Th 13}. 

8. licb A he the centre of a given circle of 
radius a It is requiied lo find the locus of 
the centres cf all circles (,%) which touch 
It at a given point Q on it. and ( ) which 
are of a given radius B and couch the given 
Chcle 

( 1 ) Let 0 he the centre of a circle l.rnohing 
the given circle A iiiterimllv at Q and P that of 
a circle touching it eiternally at Q 

Join OA and PA, then each of them passes through Q 
[Th 48]. 

Siinilarly it can he phnwn that the st line joining >f to 
thg centre of any other such crcle pas‘-Cs through Q Hence 
the bt hue AQ p'oduced ib the required locus ^ 

(ii) I.et be the centre of a circh 
of radius B touching the given circle / 
internally, ahd P that of n'ciicle irf ind,ii‘ 

B toiichqig it ovternulh, at any pomt Q 
Ihcn AO <= AQ - OQ — a-J, and 
AP=AQ+QP=a-hb 

Noiv hccauie a aim b are of 'constaii 

length, th-relore AO and AP nhich are equal to a-b ,um a+b 
respoctn ell are also ooiirtniit ' 

Hence the required locus is one or other of tho 
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[Bxs 9-10 ON P. 179], 

circles whose centre is A, and raditis= (a-6) or (a-fJ) as 
shown m the diagram. 

9. Let A be the centre of a given 
circle, and P a given point It is required 
to draw a oirole hauing P for its oentie 
and touching the gtuen circle. 

.loin AP cn'ttintr the gn en circle at thi 
pt Q. With centre P and radin*' 

F^drnwa Circle, then it will tmich th 
given c^reje ea'fei iinihl at Ci [ Th. 48 ] 

Produce PA to cut the given circle at the pt P. 

Then a circle described with centre P and r.iduis PR, vull 
touch I he given circle 7/i/rrnally at [7// 48] 

Thus there are tuo solutions of this problem. 

10 See Fig (i) Ex. 8 > 

Let A be tho centre of the given circle of radios b and 

1ft 0 be a given point on this circ’o It is required to 
draw a circle of radius a to touch the given circle at 
the point Q. 

.Tom AQ and produce it to tho pt P such that PQ='' 
With centre Paiid rad ids draw a circle Then this circle 

will tnnch the given circle e.vfeivnlh/atthept Q[7V».48]. 

Again from AQ cut off 0Q=a With centre 0 and radius 
O^di.iwtt circle Then this circle will touch the given 
Glide inrprnally at the pt ii [77i ' 48] 

Q bus 'there aip Uvo solutions of this problem 

Exercises on Tlieorem 49, P. 181. 

1, If^ the/ lFBD = 72”, then the 
LBAD=t\xo lFBD [77i. 4v0].=72^ 

' Since 'the 'Zs BCD togahcr=2 
rt. angles [77i -40]. 

.. The LBGD—m^-l\io lBAD= 

180”-72' = I08”, and the L FBD^tho 
49]=lW ’ 
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2. Let PQR be a giveu circle, and OP,OQ 
two tangents to it from an external pt, 0. 

Then shall OP—OQ. 

Join PQ, PR and QR Then the L OPQ 
=the Z iu the alt segment fTVi 49]. 

Also the I O0/*=the lPRQ m the alt. segment [7%, 49] 

. The L OPQ— Iha l OQP, and therefore OP—OQ. 

FlG(i) 

3. Let APQ, AXY be any two chords 
drawn from A the point of eoutnct of two- 
circles tonching each other tntemally as shown 
m figure (i) and externally ns shown in fig (il). 

Join PX and QY, (ken shall PX be parallel toQY 

Fig(u) 

Draw TAT common tangent to the 
two circles. Then the l TAP — the 
L AXP in the alt. segment |[77i 49]. 

and the ^r>4^=tho lAYQ in the 
alt. segment fig (i) 49], and the 

lVAQo. the lAYQvo. the alt segment fig. (ii) [Th. 49] 

But the iMP—the cTAQ, lufig (i), and the (TAP 
=the lT'AQ in fig (ii) 

.The LAXP-^the L.AYQ, and therefore is parallel 

toeK[7A. 13] 

4 Let A and B be the points of 
intersectiop of two circles one of which 

V 

passes torongn 0 the centre of the other 
circle, and let AP be the tangent to the 
former circle at the pt A, Join OA and 
AB, then shall OA bisect the l BAP. 
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* 

Join OB, Then tbo lOAP^tha l OB A in the alt. Eegment 
[Tk 49], 

Bnt the LOBA^-tha z bccanse raSins 

r. Tile z.0/J/’=the therefore OA bibccw the 

lPAB, 

5. Let two circles APB and AGDB 
jiitcrfccct nt the pts. A and B, and let 
there bs drawn two straight lines PAG 
and PBD meeting the circle AGDB at the 
points G and D. Join CD. and draw P7 
tangent to the circle APB Then shall CD be parallel to t^T. 

Join AB, then the l 7‘Py}=tho lPBA m the alt. segment 
[Th, 49] 

Tint the is PBA, ABD together -» 2 rt angles, as also th^ 
is AGO, ABD together=2 rt. angles [2% 40], 

The I AGO = the l PBA » the L TPA. 

lint the Li ADD, TPA arc nlteruate angles. 

PT IS p4rall«“l to CD. 

6. Let AT bo a tangent to the circle AQP 
at the pt. At AP, any chord drawn from A 
and Q the middle point of the arc AP. Fam 
Q draw QM, QN perpendiculars on AT and At 
respectively. Then shall QM be equal to QL 

•lorn AQ mdi PQ. Then because AQ = PQ 
lAPQ=:t]ie iQAP. 

Also the L QAT=lho L APQm the alt. segment [iTA. 49], 
*.The iQAT^the lQAP. 

Now in the AQM and AQNt because the lQAM*^ 
the L QAN {proved), the A s at /V and M are rt. angles, and 
the side 18 common to both, therefore the triangles arc 
identically equal XTh 17]. 
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Exercises on tlie Metliod of Limits, P 181 


2 Let AQBR be a circle aud QR its dia- 
meter Draw PRX pel pond icular to QR at 
oue of its eitremity R. Then shall PRX l( 
a tangent to the circle at the })t R 

Draw nuy chord AB pari to PX, then QR 
is perpeudicnlar to ? AB is' bisector 
at C [Th 3i] and this is true hcrofvcr neai 
’9 opjProuekes to R 

If G moves up to and coincides with R, then since AG= 
pBt the pts, 4'and B ivill also coincide wfth R, and then the 
tfhord will have only oue point of contact with the circle at R 
.* Ultimately, the st line dranh perpendicular to the 
diameter at oue of its estremeties is a tangent 

3 Let two circles whoso centres are 
A and B intersect at the pts G and /?, 

Join AB aud CD, aud let them intersect 
at the pt /If, then AB bisects GO at rt 
Uugles at the pt. fif, {Hyp ), aud this is 
true however C aiidD approach neai^ to 
each other 

If G and D come infinitely near to each other, then since 
= thepts G aud D will ultimacely coincide with ^ 
aud the cades will then touch each other at the pt M 

Ultimately, the straight line yoiuing the centres of two 
> Qircles touching each other, passes through the pt of contact. 




4 Let ABGD be a cyclic quadrilateral and 
let the Side AD be produced to E Then thi 
erterior tCDt — interior and opposite l ABC 
{Ex 5, Page 103] Ayd this is true hotcevei 
near D approaches to A ' ^ 


A coincides with 

n the Kihord CD will ultimately become the 
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[ Ex. 1 ON B 187 ] 

chord GA and the st. line DE will become the tangent AE' 

^ Hence the /.(?/}£ will ultimately coincide with the lDAE' * 

Ultimately the lGAE'=\>\iq * lABC m the alternate 
segment. 

< 6. Let OQP be a circle and'OP its 

diameter. Join OQt PQ. Then the 
L OQP IS a right angle [ Th 41 ], and 
this IS true however near Q appioaches 
to P. 

If Q moves up to and coincides with 
P, then the chord 0^ will become the diameter OP, and 'the 
chord PQ will become the tangent PR , also the L OQP will 
'liltimattly coincide with the cOPR. \ 

f 

,\The tangent at any point of a circle is pet pendicu- 
/ lar to the diameter drawn to the point of contact. 

Exercises on Common Tangents, P. 187. 

\ 

1 . "With the pts. A and B as centres and radu=1.4" and 
1" respectively draw two circles, making AB successively — 1", 

2.4*, .4” and 3" , and notice that the circles in thg 

first case, touch exlernalli/ in the second case, touch internally 
in the third case and he one beyond the other in the fourth 
case as shown m the accompanying diagrams. 

As IS clear from the' diagrams^ we can draw^tod direct 
^ngents in the first case, three tangents in the second case, 
only one tangent in the third case, and four tangents two 
dir,eoi and two transverse in the fourth case. 
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(i) Upoa tile diameter AB draw a (Jude, and with 
centre >5 and radina==bhe difference of ibe two given rudu 
(l.i"-!'')* 4" cut this circle at the pts C and O'. Join 
AO and AG', and produce them to cut the larger circle at the 
pts D and D'. Prom B draw BE, BE’ radn of, the smaller 
cwclepoirl to AD and AD' respectiVely. Join DE, D'E' , then 
these are the direct common tangents. See figvrea ( t ), ( m ) 
and (tv). 


( ii ) Let the two circles tonch one another at the pt 
K Draw FKG perp to AB, then FG is a common tangent to 
the given circles at their point of contact See Agin ee {uy 
and (in). 


(ill) Upon the diameter AB describe a circle, 
and with centre A and radinsscthe sum of the two give 
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riidii 2.4* cnt ..tins circle at the pt'*. and /?'. 

Join AR, AR', and let them cut the hvccjer circle at the pLi 
P awA P \ttQva. B Ataw BQ^ BQ\ nidii of tin* smaller circle 
p<'.r.iIlc‘Ui<« tM tenw to mid AP' ictpectivoh Joiu 

PQi PQ then tUcbO are trunsvprse cutuiuou tautrcut-, »S'es 

At Iriice any tno points A and B apart, and with cen- 
tres and /? and rad 1=2* and 8' rcspuciivilv diaw two 

circle^, u>i>i notice Vitit tht-y intersect one tinuthtr 
Then pioceod «'• lu E.\. i, figu|-e ( i ) 

Pleasure DE and {?'£ ' and you ivill liud them cacli=l 6". 
Hr cilcuhtnon DE<=»BG—JiA3"-^AG^)=i 


3 ^ Take anv two points 4 and B I 8 " np-rt, and with 
centres 4 and 5 and rudn=C* and 12 * rpspectivoly diaw 
tsvo circles and notice that they touch each other exfemitlly. 
Th«n proceed as in E\. 1 . figure (n). 

SleaMiro DE and D and you will find them ench^l 7 *. 
fs c7.lml,ilion DE=BG- J{AB^-AGy=z = 

1 / nearly, ^ — 

Take any two points 4 atfd B 
2 1 " apart With centres 4 and B 
mid radii = 17 " and 1 * respectively 
draw’ two circles and mlico that they 
intersect one another^ 

Then proceed as m Ee 1 , fi<».riv 

Measere DE „„d fl'P apd yon L 
^ »;ente.e„ 

/a, tViS « mSeelrifl 

VTill find it=l. 6 * ^ thept.£ iUo*MiJc /Ti amUon 
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By calculation, if KP=X, then AP— JAK^-^P^^ 

»ndfiP=JT/CMrP»=:Jl-x», 

AB=zAP+BP<» _ 

Bab >45=2.1, therefore J2-89-a5»+ Jl-a!3=2.1, whence 
a=«,8 

.* /fi=2*=16*. 

(ill) ■t'rodnce KL both ways to meet DE, D'E' at the points 
M and M' respectively Measure and notice that DM—ME^ 
and DW=E'M' 

5 Take any two points 4 and 5 S* apart. With centres 
A and B, and radii =1 6* and .8* respectively draw two cir- 
cles, and notice that one circle lies wholly ontside the other 
Then Proceed as in Es 1, fig. ( iv ). 

6. With any tao pts A and B 
as centres and any convenient ra- 
dius draw two equal circles. Join 
AB, and draw GAD, EBP diameters 
of these circles each perp bo AB^ 

Join 5£.aad DF, then these are the direct common tano'ents 

7. (i) See Ex. 1, Fig (i) ' 

DE—BG=> AB^-AG^ ), and D'E'‘=‘BG'=jViB^AGV 
But AG= AG\ therefore DE =D^E', 

See Ex I fig Uv) 

Join BR oaiBR', then because the Zsat Pand R are 
Tight angles ITks 46 & 41] BR is parallel to PQ 

And since BQ is pari to PR, therefore PQBR is a para- 
llelogram. ' ‘ 

.* PQ^BR=:JiAB^-ARS) 

Similarly P'Q' ^BR'= J{AB^R'^ 

But AR =^AR', therefore PQ^P'Q' . 
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Join /IX and BJ, 




8. (i) See Ex 1, figure (i). 

Let DEy D'E' meet nb tlie poiub X. 

thep. thetj shall be %n <ne sf. Itne. 

Becm^e the rt nulled t,s ADX and AD'X arc ideutic->l'y 
eqn.ll [ ?'A. i7, Cw,], therefore the ^AXO’=th*i lAXDU 
and therefore AX Ihsccbs the L OXD'. 

Similarly 6X f)i*-(‘ots the s. EXE'. > 

Bub the i DXO' is the same as the L EXE\ 

.*. AX and BX are in the wine sb. hue. 

<ii) See Ex. 1, figure (iv) 

Let PQ, P'Q' meeb at the pb K. Then as shown above AY 
bisects the LFYP\ and BY bisects the L QYQ'. 

Bub the lPYP' •= the l -therefore /?K and flK\ire in 
the -^ainc bb line. 

Hence the direct ns well as the transverse common tan- i 
gents inbcraoct on the line of ceubre‘1. ( ‘ ' 

9. Let PQ be a common tan- j 
gent to two circles whose cen- 
tres are B and C, and which 
touch each other externally at 
A, then shall PQ subtend a rt, 
angle at A [' 

Let the common tangent to the two circles at A meet 
PQ at R, 

Then «mctf RP, RA are two tangents from R to the circle 
APD 

RP=RA \Th. 4.7, C'iJr.3, and therefore lRPAv=^ I RAP. 
Siimlarlv RQ=:RA,ti\x([ tuereforo lRQA:=. lRAQ 
lPAQ-^ lAPQ-^AQP. 

:.PAQ js a right angle \ Th. IC. Inf 4]. 

Notes on loci at the foot of p, 188 

{i)Tho locus of the centres of circles which passes thrnugh 
two given points is a straight Vine bisecting the si line jotning 

t/ic Im given points pei pendhcularl^. ( Ejs. 4, P. 147), 
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[Ex. loxP 189-1 

C Ji ) TIi 3 locTis of tae centres of circles wliicli to«ich 
!• si.'eii straight hue at a given poi’it is a s/raj^A/ fine j/er- 
Jiendtcufar t} the given hne at the given poiniJ^Ex. Ii,Pl7?) 

( in ) The locos of the centres of circle^ irhich touch 
a given, circ’e at a given poi.it is the straight hue joining 
the centre of the giun circh tilth the given pennt [ Ex 8 ( 1 ) 

P 170} 

C IV ) The locnc of tas centres of circl es vhich toncli 
a"ii<n «:tni2ht line, rnd h.ve a given radins is o«« 
f/fh'r rf the tico straight hne^ paralUl to the nien straight 
Hue fill cither ride of li and at a distance nj Inc gue>i 
rndim Jriati il. 

{ v ■) iLe locnb of the centres of circh » n-hn.h t* i th 
a C'vtn Circle nrd have a given radius is a c -tccntt ic ci-- 
rV»rV'ff vailinsv=.the sum or df/iTinoe of the tico rai/itf Ex, 
.vM). PI793 

{ VI ) The locns of th" centres of circles trLich tonch 
tiro giien lines is a pair of etraignt lines bisecting the angle 
i~iicfen the tvo straight line’s, ^£7 13, P 1773* 

h the gmu st. hues are pirallel, then the locns is the 
s^rnght tme paraVe! u> the given Straight itnss and midirag 
t'tve.n lk‘in \Ex 12 P. 177'\ 

Exercises on tlie construction of circle. 
Page 189, 

1 Let A B and G be any three given po* 
nits. It IS required to draw a circle 
i' trough them 

(1) Centre of a circle passing through the 
pts. A and B lies on the st Jme DO bisecting 

AB peipendicnlarly, [Kote (1) P 1S8] 

(nj Centre of a circle passing throegh the pts B and G 
I.es on the st hue EO faisecticg BG pc“rpendicrJarlv f Kote 
u„P iSS] 
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[Enis. 2-3 ON P. 1891 

The po lit where tho st. hncb DO and EO intersect, 
satisfies both the coiiditioiia and is, therefore, the centre of 
the circle passing through /, B and C. 

"With centre 0 and radius OB describe the circle, then it 
v;rll pass through A and G. 

2. If a circle touches a st. line PQ at a 

point its centre has on a straight hue AD 
perpendicular to PQ at (If) P. 188] 

(ii) If a circle passes through tv^ given 
points A and B, its centre lies on the str.\ight. 
luxe GD bisecting AB perpandioularly, {Note 
(i) P. 188]. 

The pb. D wh“rc those two straight lines latBrscct, 
satisfies both tho conditions, aud is, therefore the required 
centre. 

With centre P and radius describe the circle, then it 

will pass through the poiut P, and touch the straight hue 
PQ at A. 

3. (0 If a circle touches a given cir- 
cle whose centre is G at the point A, 
then its centre lies on the straight line 
GA.[A^ote {\u) P 188]. 

(ii) A circle passing through the points 
A <aud P his its centre on the st. lineP£ bisecting AB per- 
pendicularly. IN'ote (i) P, 188], IS, 

The centr«of the circle whicli touches the giveu circle 
at the point A «ud passes through the point B is the point f 
where the st hues DE aud GA intersect. With centre £ aud 
radius EA describe tho'required circle. ’ 
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[ Exs. 4-5 OK P. 189 J 


4 Let P be any point 4 5 cm 
(listau l from n gi\eu st. lino AB 
It t’t rtqnirtd to draw two circles of 
radius 3 2 cm to pass through P ana 
to touch the st line AB. 

(0 Locas of the centres of circles of radios 3 2 cm. which 
touch the given st line AB is the st line CD parallel to AB 
and at a distance of 3 2 cm from it [jVote ( iv), P 188] 

(ii) Locus of the centres of crcles of radius 3 2 cm which 
passes through the pt P, is a circle £GF whose centre is Paud 
radiU6=3 2 cm 

Let the circle £GFcut tno st line CD nt the pts f and F 
ThsT these points siitisf} both the conditions and hence are 
the centres of the ro(]iiircd circles 

"With centres f and Faud radius 32 cm flescribe the cir- 
cles and notice that they satisfy the given couditious. 

6 Draw two circles of radins 8 cm T? "F -i 

and 2 cm respectively, and hiving then 
centres A and 5 6 cm apart. /( ts requir- 
ed to draw a circle of radius 3 5 cm to 
touch each of the gucen circles externally, 

\ 

( 1 ) Locus of the centre of such a cir 
cle IS a circle whose c litre is A and ra 
dm8 = (3-1-3 '))=6'’5 cm [Jl'otc (v), P, 188] 

(ii) Loens of the centre of such a cir- 
cle IS also a circle whose centre is B and 
radias=(2 -1-8.5) = 5.5 cm [iToteCv), P.188 



u. v + 
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[ Exs. 6-r ON P. 189 i 


Let these two circles intersect at the pts. C and D, then 
\ these are the centres of the required circles. ' 

With centres C and D and radius 3 5 cm, draw two cirtfles 
aud'notiee that they satisfy the given “^conditions. Thus 
there are twn solutions 

The sm illest circle' which touehes the circles A and B 
, externally is tlie circle whose centre lies on AB midway bet- 
ween the pts, E and f where the given circles cut AB. 

Its-radin8p=^£f=J ( /r5-(/4£+fif)‘=K 6-(3+2) ], 

«=.5 cm 

6 (i) a circle touches two st. lines 

OA and OB making an angle of 76* between 
them, th^n its centre lies on the st. line OG 
bisecting the angle AOB ( Fotp (vi), P. 188). 

(ii) TiOcus of the ceutios of circles of 1 2" 

mdins and touchiriV the st line OB, p a st ^ 
line DE parallel .to OB and at a distance of 1 2 from it. (iT ole 
(iv). P, 188) 

' Hence the' pt. £, where the st line DE and 00 cut each 
other, IS the centre of the circle whose iadiU8=1.2'' and 
wh’ch touches the st lines OA and OtS 

W ith the pt, F and radiii-j=l 2" draw the required cu cle. 

R I’- 5 

7 fjBt AB be -a given sb. lino, 
and let a pt. C. 5 cm. distant fron 
the st hue AB, be the centre of a 
given circle of radius 3 5 cm It 
is required to draw two circles 
of radius 2 5 cm to touch the 
given circle and the given st 
line AB. I 

( 1 ) Locus of the centre of a circle of radius 2 5 cm. 
touching the st. line AB,ib a st line EF parallel Ui AB and at 
a distance 0 ^ 2.5 cm. from it ( Note (iv)'; P. 188). 



R. F. t 
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64 [‘Exs 8 9 ON P. 189 ] 

( 11 ) Locus of the centre of a circle of radius 2 5 cm. 
touching the given circle, is a circle PRQ whose centre is G. 
and whose radius -(3 5+2 5)=6 cm ( JV’i)fe(v), P. 188) 

The pts P and Q where the circle PRQ cu<-s the st line 
EF, are the centres of the required circles ' 

With centres P and Q and radius 2 5 cm draw the circles 

8. Tiot AB and GO he any' two 
parallel st lines, and ff any other 

tmusversal cutting AB and CD at the 

pts. f and F rospocbively. 

It 18 required to draw a circle to touch these thr ee st lines 
( 1 ) Locus of the centres of circle touching the st lines 
AB and EF is one or othei of the st lines EQ, EH bisecting 
tne angles and BEF respectively, {Note (.iv) P 188) 

( u ) Locus of the centres of ci’"cles touchmg the st lines 
CD and EF is one or other of the st lines F6, FH bisecting 
the angles OFF and DFE respectively {Note (vi), P. 188). 

Hence the points G and H, where these four st lines in.” 
terseeb, arc the centres of the required circles. 

Draw the required circles, then the radius of each of 
them— V the perpendicular distance between AB and CD 
{Ex 9, P 177). 

‘ .* The two circles are equal. 

9. Let C be the centre of a given 
circle, and A a given point in a given 
st hue PQ. it IS required to draw 
a circle to touch the giuen circle 
and the given st line PQ at the pt A 

At A d’^aw 4? £ perpendicular to PQ 
then the centre of the required c.rcle 
lies on AF. 
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[ Exs. 9-10 ox P. 189 3 


Draw BD the diani’tor of the gnen circle perp. to PQ, 
Jem AD cutting the circumference of the given ciic’e at C. 
Joiu Cf, jud produce it to cut AF at the pt F. Then F is 

the centre of the required on o/e. 

Proof — 3ec^a&e BD aud AF are both perp to PQt 
thuiefore BD is parnllel to 

TUe £./:y^f‘=:the alb lCDE 

=Lho L GED [for CD=:GE] 

=the lAEF 
^ AF=EF. 

.*. If a circle be described with centre F aud radius 
FA, it V, ill toucU the st. hue PQ at A and the giM*n 


cirdc at £. 

Noe© — Join AB, aud produce it to cub the circuiufcr- 
euceof the given circle again at the point G. Join GG, and 
produce It to meet the st. hue AF at H Then H is the 
centre of another such circle, GoidjiIdic tbe picuf as 
gi\eu above. 


13, Deb 5 be a given point on 
the circumference of the given circle 
u hose centre is A, and Jet PQ be a 
given st. hue. It is required to di aw 
a circle to touch the st line Pq and 
the giuen circle at B. 



Join A8, and draw BG perpendicular to AB meeting 

PQ at G Then BG bhall be the common tangent to the tuo 
circles. • 

(i ) Centre of the required ciiclc lies o s the st. line AB 


produced [^Nofe (III), P, 188J 

(ii) Also the centre of the required circle which 
touches the bt, lines BG and PQ bos on one or other of the 
st. lines GD, GE which bisect the z .5 QGB, PGB rcsuectivoly. 

(VI), P. 1&8]. 


/ 
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[Ex. IIonP. 189] 


•. The points D nnd £, where >45 proi^uced cats f?Z? nnd 
GE, are the centres o? the required circles Draw the circle-? 
as shown m the diagram 

11. Let y?B. BCaiid GA 
l»e three given ptraich* 
lines it IS required to 
draw circles touching 
each of these st lines 
(i1 liOcas of the cen 
tres of circles touchmc 
the St lines BA and BG 
is one or other of the st 
lines Bis. BJa bisecting 
the niigics between AB 
auA BClirotea{rJ)P 188] 

' (ii) Locus of the 
centres of the circles 
touching the st hues 



€A and GB is one or other of the sc lines^ Gli, Ch bisecting 

the angha between GA and GB - 

Hence the pfc /, /j, /j, and h where the st hues Bn, ois b/i 
and Gh intersect, are the centres of the required circles 
Draw the circles as shown in the diagram above 

Thus we see that there can be drawn four circles to touen 
each of the three given st lines. 

Exercises on Prblem 24 P 191 

1, Let X be a given angle, AB the 
given ba«e, nnd a given st line It is 
[ required to describe a triangle on 
the base AB having its vertical angle =• 

X, and vertex on the st line DE 

(t) On AB dosenbe a segment AOB which shall contain 
an angle = the L X [Prnh 2^] Then the vertex of the 
required triangle lies on the arc AGB 

(u) A.I30 the vei-tex lies on thesfc. line DE. 
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[ Ex. 2 os P. 191 ] 

The poihls C, Pvrbete the gt.liee Of exits the arc /lOO, 
denote the vertex of the reqaired t-iaugic. .Imu AG, BG and 
AP, BP. Tlien ABG and ABP are two such trnusrle^ 

2. Let, ilS be the given b»sc, and Pthe givca vert cal 
angle. ^ 

On de'^criH' a cesnnent AGB which ^hall enntain “u 
an?le«the lP P rob 24]. Then the vertex of thi» tri- 
angle whose base AB and vertical angle = the iP, lic-v on 

the arc AGB. 

(i) Let XY be the length o' one of the 
Hides of the triangle TTith centre / and 
raiio'is'.Y)' draw an arc, thin the vertex of 
tUj raq lir^l t“iiiule nl-o Les on this arc. 

The pfc G where th'S arc ents the 

given ft'o AQ8, denotes the reqmred xertci Jo»n AG, BC. 
Th u ABO k tiie reqaired triangle, 

l<at XY i>3 the length of the given 
a^titii la. From A draw AG perpeirltcnl »r to 
th' St hue AB and make AD—XY. From 
D draw DG parallel t«> AB. Then the ver- 
tex of the required tn angle lies on the st. 
line DG. 

:. The points f^a-id where the st, Ime DG cat" the 
arc AGB, denote the vertex of the rerjnired trianrie .1 m 
AG, BG and AG’, BO', Then ABG and ABG' are the required 
triiiugles. 

‘ (in) l.ct XY he the length of the 
median which bisects the hf-se /B-Bi-iect 
AB atP.irith centre D and radius =A'K 
draw an ftre* Then the vertex of the i e- 
quired triangle lies on this are. 
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[Ex 3osP 191 ] 

. The points G and G' where this arc cuts the given 
arc ABG, denote the vertex of the required triangle Join 
AG, BG AG\ BG' . Then ABG and ABG' are two such 
triangles constructed 

(ivl Let the pt 5 denote the foot of th^ 

f orpendiculai from the vertex on the babe AL 
hen the vertex of the required triangli 
lies on the st line DG which Is peipendi- 
cular to the st line AB at the pt 'D. 

Hence pt where cuts the arc CB 
IS the vertex of the required triangle Join AG, BG Then 
ABG IS the required triangle ^ ' t j. * 

I. N. B — For two solutions, see note given at the top ot 
page | , fl4 o f your text book 

3 / Complete the construction as 
ffwen in your text book 
1 Siuoe the arc /P=sthe arc PB 

^ The i/^CP=th3 lBGP [T/i #3 
. . The st hue GP is the bisector of the ver- 
tical L AGB which 18 equal to the given lK 
ABG IS the required triangle 



4 . Complete the construction as 
given in your text book. 

Because the ^^AGB=- zA”, and the 
Z AXB=:l^ L K 

Tlie-z (?ffA=tho z GXB, and therefoie GB=GX 
The sum of the other two sides AG, GB of aABG—AIS 
•{•GB=AG+OX=AX=sl/ AlhO the vertical L AGB = the 
given z /if "S’ ABG is the required triangle 

— Bet y be the other point where the circle 1 
jrawn with centre A and radius II cults the greatei seg'fcut 
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[Ex. 5 on P. 191.] 

Jom AY cutting tlie smaller segment at tbo pt C'» Join BG • 
Tlien A8G' is another such triangle. 

6. Let AB be the giwn base. K 
the given vertical angle, and // a st 
hue equal to the difference 6f the other 
two sides. It IS requited to cons- 
truct the triangle 

On the bt. line describe a seg- 
ment yflgg containing an !!Uglo=the iK, also desoii be an- 
other segment contaiuiug an ang1e=90*-fl* With cen- 
tre ^4 and radius //, describe an arc cutting the latter seg- 
ment at the pt. X. Piodiice* HX to meet the former EO{.ment 

at the pt. g, and Then ABO is the luquierd triangle. 

Because the yiCiV5=180‘‘-tlie z ^^g=180°-(90'’-f?*J= 

90-^=90V%. . 

Also the lCBX = the LAXB-^\xe LG\Th.l^= 
{90.f«2j-p=90'’-^. 

. . The L C/5=tho L GBX, .and therefore CB=GX 
.'.The difference of the sides AC, g'g of the aABO^ 
AG-GB *=AG- GX= AX= H, also the vertical z./Jgg«tjLie 
ABG 18 the required triangle. 

Exercises on Circles and 
Page 198. 

1. W ith any point 0 as centre and 
radius = .9 cm. describe a circle. It is 
requited to insciibe and circumscribe 
an equilateral triangle in and about it 
( 1 ) At any point A on the circum- 
ference draw a tangent XAY to the circle 
IProb 22], and make ,tha i $ XAB, YAG 

each=60*. Jom BG. Then ABG is the 
* \ 


Triangles, 




GO [ Ex. 2 os P. 198] 

jeqaired mscnbefl cqniliteral triangle. ^Proh. 28] 

(lO Draw a radm? OP f’arp to BG aud m ikethe 
POR eacU=l-20‘. Draw EF, FD and DE Uugtnta to the circle 
at the pts P,Qm\ R. TUen DEF i3 the required croi^ma* 
crtbsd equilateral triiagle. [^Prolt. 29]. 

B P ~?n 

2. Takeast iinffiC=?cm irith 
centres B and C, and radius = 8cm 
draw two arcs cuttms at the pt. 

A Join A6, AG. Then ABC is the 
required eqnil iteral triangle. 

Bisect the /.t A and B hv at. 
lines AE, BF intersecting at 0, then 
0 is the centre of the insenhed cir- 
cle £Pr/>6. 2f.] 

■Because AE, BF bisect the sidcg 

BO, AO perpendicnlarlr, therefore th‘‘ir point of intersection 1/ 
is the centre of the circamscnbcd circle [Profc 2'*']. 

Produce AB to X, and bisect the lGBX by a strainht 
line meeting AE produced at P, then P is the centre of the 

"inscribed circle touching the side BC \_Proh 27]. 

Proof— Because the l EBP== i\ the lEBX^ fiO* 

.•.In the AS ABE, and PBE, there z.^£ff = fchert. 
lPEB, the i/fifrrthc cPBE^CtO', and the side » 
common to both, therefore the triangles are identically equal 

[7^. 17] and therefore PE=-AE. 

Again because 0£=| AE. and 0^=g4£ C Ill, 
Cor P. 97 ] therefore 0A^20E, and PE^AE =3 OE. 

.’.The circnm-radins and ex-radins are respectively 
double and treble of the in-radius. 

>?£= J(^B*-ff£*)= J(6i-16)-G.9 cm. "S' . . 0£=2 3 cm. 
OA =4 6 cm , and PE—G 9 cm ' 

Ileaoure them, and notice that they correspond with the 
above lengths. 
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[Exs 3-4 ox P. 198] 


3* Take a st. liue 5(i=2 .V, and 
ELokc the La GBA, flf?/=sGG* and 50* 
respectively, and let their arms meet 
at 

Trisect BG, AG til the points D and 
£, and draw DO, EO perph. to BG and 
AG rcKpectively, raeebing at the point 



0 With centre 0 and radius OG draw a circle, then it will 
pass through the pt*! A nni B {Prab. S'*). 

Mca^nrc OG, and notice that itrrl.Sli*. 

In case (ti) (in) the {■amc con'^truct ton is to be made as 
ui case (i), only the £.« fl and (? are to he made =7 2“ and 
41* in case (ii), and =41* and 23“ m case (in), 

Ynlue ot the lertical l A. 

=}SV‘-(B+C)(Th.U0 
=lSii*-(GG’+'>0*)srG4* in case (i), 
=lPO*-'72*+44*)=r(,4“ . on 

= 18U‘-(41*+28*)»110*„ „ (m). 

Now because the base BG is of tlie nume Icui'th in all 
the three cas»s, and the vert lA in case (i)«tho \prt. cA 
in case (ii), and Ruppleinentary of the vert L A in case (7u) 
therefore the clrcuiu-ci rules of the a ABG arc cqua’ in the 

three cases ^ /.Their circum-radii are also equal. 

4 See fi^re Es, 1 

Let ABG, DEF be the inscribed and citeums- 
oribed equilateral triangles in and about a cii cle 
of 4 cm. radius Diaw AO perp. to BG 9’hen AG 
^bisects fi(?,and theiefore passes thiougli tbe centieO 
(i) Because AO [Prob lllCor P. 97] 

therefore AO'^ Also >lG®~>lC*~5G’=/I£*-4 

AB^^lAB^ ' ^ 

^B=*o A0-, and therefore AB^ = Z /^0*=3x 16=48. 
AB’^ 4: JB—B.a cm. 

Measure AB, and notice that it=6.9 cm. 
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[ Ex 5 os P. 198 ] 

( u) Bocauso BG=AB—Cy 9 cm, and = | cm 

The area of the ^ABG = \ AG BG’^l, X6x4^y3 cm s= 
12^3, or 20 78 sq cm 

(ui) Because 0 is the centroid of the a DEF, therefore 
OB = 2 0P=8 cm, audBP=3 0P=l2 cm IProb III, Cor. 
P. 97} 

Again because EP= J0P-0P’^~ JGi-l&-iJ3 cm , 
therefore £f=8 ,J3 sq cm. 

The area of cho aDEF=^^ EF. Jxl2X8,73 = 

48 JS sq cm 

*. The ii,ABG=\ of the a DEF 

5. Let ABG be a triangle, and let 
the bisectors of the is A and B meet 
at the pt /, then / is the centre of the 
inscribed circle Draw ID, IE and 
IF perps to BG, GA and AB respective- 
ly Then each of them is the radius 
of the inscribed circle and therefore each=:r 

(i) a, IBG=yD BG=\ ar, CilGAszilE.AG— I- bi*, and 
A IF AB=^ or " 

A ABG— ^IBG-i" ^IGA-lr ^lAB 

=Jar+J6r-i-Jor=Ka+6+c) r. 

, (u) If^fl=:9cm, BG—Sem, and 7cm , then /fl 
will be found to be 2 24 cm, 

•. t^ABG—l (a+6+c)r = J (9+8+7) X2 24=26 8, 

sq cm. 

TSow draw AM perp, to BG, then it will be found to be= 

6 7 cm , T .‘.A ABG—IAM. BC = JX67x8 =26.8 
sq cm 

Thus we sec that the formula giyen in case (i) is true. 
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[ Exs 6-7 ON P. 198 ] , 


6. Let A8G be a triangle. Produce the 
Sides AB, AC to any pts X and Y. Bisect the 
L8 GBA and BOY by the st lines meeting at 
D Then 0 is the escaiitre of the triangle 
ABC opposite to A [Praft. 273* Draw OD, OE 
and OF perpb. to BG, AX and AY rc‘5pectivel3 
Then each of them is the radius of the escribed circle, and 
therefore each=r. 

(i) ^ AB0—\ AB. er^, A AGO — \ AC. 0F=\ 

br^, and a BG0—\ BG OD=h ar\ 

A ABG=A ABO+aAGO—A BGG^\ cr\+br ^ — J 

(c+6 — a)rK 

fu) If BG-ii cm , AC=4: cm , and AB—‘i cm , then 00 
Will be found to be=ii cm. 

A (c+6-a)rJ^^ (1+3 — 5)x6=6 sq cm. 

Now draw /iM perp to BG, then it will he found to be 
= 2 4 cm Therefore area of the a ABC=^\ AM. BG •=\xi,A 



X5 = 6 sq cm* 

Thiia we see that the'formula given in case (II is true. 

7 . (0 Draw a triangle ABG such that a 
=6 3 cm, 6=3 cm, and c = 51 cm 
[Pro6. 8] Pisect the sides AC, AB at the 
points Xi Y and draw^O, YO perps, to AG, 

AB meeting at the point 0. Then 0 is 
the cvroumrcentrc of the A ABG. [Pre6.25] 

Measure OA and you will find it»3 2 
cm, nearly 

(u) Prom A, B, G draw AO, BF, and CE perps. to BG. GA. 
and AB respectively. 

' Measure them, and you will find AD— 2.4: cm., Bf=5 04 
cm. and f/£=2.96 cm. 

If AD, BF and CE be represented by p"^ and p^ then 
5g ,3x5.1 ' ' ca 51x6 3 „ 
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[Exs. 1-3 OH P. 199 ] 


, o& 6 3x8 


<8 2 cm nearly. 


Sc CO 

Oircum-radms <= 3.2 cm.=^— 


ah 

2 />® 


Exercises encircles and scfuares, P. 199. 

\ ^ 1' 


■R F 


1. Draw a circle of 1.5” radins, and 
draw in it any two diameters AO, BD in- 
tersecting at rt angles to one another 
at the point £. Join AB, BG, CD and DA» 
Then A BOD ts the requvred tnaertbed square 

By ealculatton ABss JAE^+BBH — 



j2AE^=:AEJi-=l 5 J2=2 12”. 

Measure AB, and you will find it=r2.12' 

Area of the square ABGD=s^ AG. £/?=Jx3x3=4,5Bq m, 
S See fig 1. 

At the^poiuts <4, £, f? and D draw tangents meeting one 

another at the points F,Q,H, and K^TTten FGHK m the reqmred 
circumscribed square 

Because the squares AEBF, BEGG. GEDH and DEAK are 
resp^bively double of the triangles ABE, BEG, GED and DEA 
taken in order [2%. 21]. 

The whole square FQHK is double of the whole square 

ABGD. 

3 See fig ISs 1. 

( 1 ) Describe a square - FGHK on the side FG of 7.5 cm, 
[ProJ 13], Dim AG, BD the diameters of the square, and lot 
them intersect at £ With centre £ and radius AE draw the 

inscribed oircle, then it will touch the Bides at the pts, 
BG, D and £, 


/ 
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-[ En:s. 4-5 ON P. 199 ] 

iXi) Upon folding the square abeiij /lO, the sfc. Imo BE wiH 
fall upon ED, bec.une the Ls AEB^ AED are rt. angIo:s , and 
since therefore the pt B will coincide with the 

pt. 0. 

The pts. 5 aud i? ace symmetrically opposite with 
regard to AC. 

Similarly it may he proved that the pts. A and G are 
symfiietncany oppo'jite with regard to BD. 

And since AG therefore the pcs. By Gy and D lie 
on the loscnhed circle. 

4 See fig. Ex, 1. 

Take a it. line flf?=6 cm., and dcsonbe a square upon it 
[ Prob. 13 ]. Draw diagonals ACy BD intersecting 'at E. 
Then AG, and CD are equal and bisect one another at £. 

,* df a circle be drawn with centre £, passing through 
any one of the points A, B, Gy and D then it will pa-^s 
through the othei three. Draw the circle, then it will cir- 
cumscribe the square ABGD. 

Measure the diameter AO, and you will find it=s 
S 5 cm. 

By calculation AG— JAB^+BG^= ,j80-f 80 

6. ( i ) Take a st. hue AG—Z.ii", and upon 

AG as diameter describe a circle. With 
centres A and G aud radii =3* cut the circle 
. at the pts. B and D. Join AD, DG, AB and 
B8. Then ABGD is the required inscribed 
reetangie. 

The other side AD—JAG^-GD^z=z ^12.96-9=1.93''= 
2" nearly. - ' 

' ’(ii) Bisect >4Cnb£, and through £ draw the diameter 
GEN perp to AC. Joiu A6, 66, AH, and OH. Then AGGH 
IS a square inscribed m the circle ABGD. ^From D draw DF 
perp. to AG. 

- Area of the sq. A6GH=2 the A AHG>=>HE AG. 


«8.5 cm. 
R r 
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'[Ex GSonP 199.] 



And area of the rect /IB0D^2 the i^ADO=:DF AG 
But HE IS greater than therefore //£ /JC !>» greater 
than DFAG. 

\ The area of the so A6GH is greater than that of the 
rect. ABGD 

Similiirly it may he pioM'd that it is gicater than the 
area of any other rectangle inscribed in the ciicle ABGD 

Of all the rectangles maenbed III a circle, the fOitare 

has the greatest ares 

6 JiCt ABGD be the inscribed square 
and AEF the insciibed equilateral triangle 
in the guen circle, and let a and 6 denote 
their respective sides It is i squired to 
prone that 

r r- gll on Circle, Ui.uu=-I .4 
[£a: 4, P r)8]. and arrrs 1 ] ’ "■ 

bi=:3r^ and a?=lr" .nnl therefore 
7, Let ABGD be a square inscribed in 
a given circle, and let P be any pom*’ on the 
arc AD Join AP, BP, GR and DP 
Then the lAPD shall be thiee times 
any one of the angles APB. BPG and GPD 

andC/»i^® times any one of the Ls APB, BPG. 

8 Let 0 be the centre of a given 
circle Itis required to eircumsoribe 
a ihombus about it 

diameters EF 

f Of -it'll* points 

(j, aud // draw tangents fcn 
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[ Exs. 9-10 ON P. 199 ] 


circle rooeling one another at the points /4, 5, C, and D, Then 
ABGD IS the required rhombus 

Proof. Because the angles at 6 and H arc rt angles, 
therefore AD is pari, to BG [2'A. IS] f Similarly it may be 
proved that AB is pari, to DG IT .'.ABGD is a paiallologram so 
that AD=iBG and AB^tG 

But AD+BG—AB+DG [ Esa 14, P. 177] therefore 2 AD 
=2 AB and therefore AD=AB The .sides AB, BG, CD, and 
DA are all equal. 

ASCD It. a rhombus. 

9. l.et ABGD be a given square and n 

point III one of its aides A3. If w rrquuei t>i 
XiistjCih' It ttqn trp in the sq. ABGD, so that one of 
its viif/iUar /mnt may be at X 

Cons. Draw 1 lie duigomls AG,BD iiitei- 
sectiug at £ Join XE, and produce it to meet 

CD at Z. Tluou}?h £ diau YEV porp to XZ meetiug bu, hU 
at the jiis Y .lud V. Join XY and ZV, then XYZV is the re- 
quiicd Mjnare 

Proof Since lAEB^ lXEV [each being a rt. angle] 
therofoic lAEI/= lBEX. 

But L AEY^ L (?£}', mid lBEX= L DEZ, 

L GEYz=z L AEYt^ lBEX-l. DEZ. 

Alan L £6'K= /.£/II^=^££/!f= Z.£OZ ( each being=45^), 
and the aide EG ^LA=bB=ED. 

. .The As EGY, EAV, EBX and EDZ nro congruent (^l'h.l7), 
so that EY=EV-EX-EZ 

Again since XEZ and YEV cut at rt. angles at £. 

.* The fig X YZV is a square. 

10 Bot ABGD bo a given square. It is 
required to inscribe ill it a equate of tntnimum 

ateit. i 

‘ Cons. Bisect llie sides AB, BG, GD, and 
DA at th" pis K, Z, V au'^ X resnectivcly .Ton 
XY, YZ, ZViiml VX. Then XYZVu the, re- 
quired square 




\ 
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'Proof. Let Jf'y'Z'V' 1)6 auy other inscribed square 
Then the diagonals ZZ, J'I'aud X'Z',Y"V' will inttisect at 
the same point f . 

Because EX* is greater than fZ» and EY* greater than BY 
{Ih 12) therefore X’Z* is greater than XZ, and Y'V* greater 
than YV. 

Again hecanse the area of the sq ZfZK=^ ZZ. YY, and 
the area of the eq. X' Y'V’Z'=\ X'Z'. Y'V ( eJ‘. 8, JP. 113) 

. The area of the sq Z/ZI^isless than that of the sq. 
XTZ'V. 

Similarly it may he provid that the area of the sq XYZy 
IS less than that of any other sqnare inscribed in the given 

Eqnarc A BCD. 

ZKZI^ IS the square of minimum area inscribed m the 
given xquare A BCD. 

( I ) .Join AG, Then because ABC nud 
ADC are rt angled tiiangles, and AC 
their common bypnteimsc hence the cir 
tie dc«ci:ibfd on the dHmtter AC 
rhrongh the pts B uid nnd i<? theic- 
fote tne circumscribed circle of the itc~ 
tangle ZBCC 

( 11 ) At the pta A nnd D make the is but, /tut. » .iv-u= 
4^°, then the L AED -''H" 1 hrongb the pts G and B draw 
st hues parallel to AE DE respectivclj mfStnie EA, ED pro- 
duced at the pts F and ff. Then the figure EFGH thus farm' 
id tmll he the required square 

Fig EFGH IS by conctructiou a parallelogram and because 
the L AED is a it angle hence it is a rectangle. 
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[ Ex. 12- ON P. 199 ] 

Becanpe FAB and DCH are rfc, angled isosceles triangles 
and liave their bases AB and DC equal, therefore they are 
identically equal. [2% 17]. 

,\FA=DH, Also AE^^ ED. Therefore fF=£^. 

\ ff=£//=F(ff=GW, and hence the rectangle EFGfi is . 
equilateral. 

The figure EFGH is a square. 

. 12. Let be a given quadrant, /f /s 

required to insoribe (/) a circle and (li) 
a square in the quadrant ABG. 

(i) Bisect the angle ABGt by the st. hne 
BF meeting the arc AG ot F, and at the point 

F draw a tangent to meet BGt BA profluced 

\ 

at the points D and £ respectively. 

Bisect the i BDE by the st. line DO meeting BFat 0. 
Then 0 is the in-centre of the triangle BDE {Prob. 26]. 

The circle inscribed in the triangle BDE is the required 
circle, because it touches each of the sides BA and BG\ and 
since it touches the tangent DE at F it also touches the 

arc AG at F. 

(ii) Brom F draiv FG, FH perps. to BA, BO respectively. 
Then the fig. GBHF is* by construction a rectangle. 

Because the z.F6A/=4^j* [Cens] aud the LFlfB^dO', 
therefore the /:BF//=45” ^ The LFBH^ih.0 iBFH, 
and therefore BH^FH. 

BH «■ MF<^ BG = GF, and hence the rectangle FGBff 
is equilateral. 

The fig. FGBH is a square, and it is inscribed in the 
quadrant ABG, ' 

Exercises on Problem 30, P. 200. 
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[Exs 1~2 ON P. 200.] 


1. (0 With any 
point 0 as centre 
and radms=4: cm 
draw a circle, and 
let AOO be one 
of its diameters 
"With centre A 
and radius OA 

draw an arc cutting the circuuiit,ieiice ui> t uuu t. xuiuugh , 
B and f draw the diameters BOB and FOG, then each of the 
^ 860* 

angles at 0 is evideutly= g =60*. 

1 

Join AB, BB, OD, BE, EF and FA, then A B G D EFia the 
required regular nexagou (Prob. 80) 


TTG M Fro 



\ 


(ii) Draw any two diameters intersecting at 

light angles at the centre 0 Draw two other diameters BGF,' 
HOD bisecting the angles between the first two diameters. 

then each of the angles at 0 is evidently =— ^=45* 

Join AB, BG. CD, BE, EF, FG GH and HA 
then ABGDEFG'i is jtha required regular octogou ^Prob 80]. 

(ill) Bisect the arcs AB, BG, GD, BE, EF and FA in hg. 
(i) at the pts G, H, K, L, M and N ; and join AG, GB, BH, HG 
CK, KB, DL,LE, EM, MF FN and NA. Then the resnltincr 
figure AGBHCKDLEM FN is the required regular 
do'dec.'igon. 


2. (i) With any point 
0 as centre, and rn- 
dins=:l 5* draw a 
circle. Determine 
A, B, Cfl, E, and f th“ 
angular^ points of a 
cgnlat " hexagon lus- 
tcibed m this circle 




fBxs, 2-3 ON P, 2001 
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(asitiira;. 1. (i)], and dra^Y tangents to the circle at these 
points. TAfl resulting figure MNPQRS shall be the circumscrib- 


ed regular hexagon. , ^ 

Proof. Join Ohi, ON and OS. Then because the angles 
nt / and 5 arc rt. angles, therefore the isAOB, AMB io- 
geth3r=:2 rt. angles [Th. 16. Jnf. 53.\^ 

But the L <4OBs=60,*. therefore the L AMB^J^O". 

Similarljit may be proved that each of the le at N, P, 
Q, R and,^=120 * The figure is equiangular. 

Again because tho circle touches the st. liuc<> MS and MN^ 
therefore OM bi'^pctnithe l SMN. 

Similarly ON^ OS bisect ihe Ls nl N and S respectively 

Th } Ls OSMy OMS. 0MN> and ONM are each "CO,* 
.* Thr- equiliteral t^s OMS and OMN &tq identically equal 
( Th. 17), an I therefore MNzr.MS, 

Similarly the other sides of this figure are equal .% The 
figure IS eqnilaternl. 

But it has been proved to be equiangular, therefore it is 
regular. 

Verify by measurement that the sides of this figure arc 
equal and each of iti angle-t:=l20*. 

Draw a circle as m case(i) Determine A,B,G,D,B,f,GnnA ,//, 
the angular points of a regular octagon inscribed in this cir- 
cle as xn Ex 1, case (lii) ]. and draw tangents to the circle 
at these points The resulting figxxre LMNPQRST shall be th 
circums-cribed regular octagon, 

Por projf proceed as lu case (i). 


3 LetObethc centre of a given circle 
Inscribed a regular hexagon ABGDEFm its 
Join AGf GE and EA. Then AGE is the m- 

cribed equilateral triangle m it Let a and 

b denote the lengths of the sides of the tn- 

anglfe and the hexagon respectively It is 

required to prove that I ) the area of the triangle^ ^ the ar&a 
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of the hexagon, and (ii) o* 8i*. 

(i) Jom OA, OG and OE Then because AC is the side 
of an equilateral triangle therefore the L. ^0(?=“3“l20*, 

Also the L ABG being the angle of n regular hexagons 

120 ’. 

.*. The opp Lo otB and 0 arc eqnnl, and therefore the fig* 
ABGO 18 a parallelogram Similarly it can bo shown chat 

OGDE and OEFA are parnllelostnms 

Because the AOC OG£,nni EGA nro respectively = ^ 
the pnrms AOGB, OGDE and OEFA. 

,* The A ACE’^lt the hexagon ABGDEF ^ 

(ii) Because >}C3=3 4, A 1987, and OG=AB 

. <40® •= 3 AB^, that is 0^=86*. 


4 With any point 0 as centre, and 
radius=2' draw a circle By means of 

your protactor make the lAQB=: 7 
Setoff the^ chords BG. GD, DE, EF, and FG, 
each equal to A B round the circnmfcrcnce, 
and join 6^ Then ABGDEFG xetho required heptagon in 
cribed in the given cm cle. 

Because 7 times the L i4B(?+860'’» 14x90° {Th J6,Cor) 



14x‘l0-«160 


=128; 


-• The £.ABG=~ 

I 

Measure the L ABG and the side AB, and you Will find 
them *=128^,*° and 1 73" respective!/. ^ 



N 
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Exercises on Problem SO,P- 201. 

1. Take a st. line >45 « 2", and make 
the LsdAF. ABG each- 120", such tha’ 

AF^ BG each=2'. At the points F and 
C make the isAFE^ BGD each=120" makin 
F£, GD each=2*..Toiii ED. Then ABODE f 

IS the required hexrgon on a side of 2'. 

Bisect the i s ABG, BAF by the at. lines BO, AO meeting 



at 0 ' AVith centre 0 and radins 0^ describe a ciicle. then 
thib will be the circumscribed circle of the h“\ngon ABCDEF 
3l]. 

From 0 draw 06 perp. to AB. With centre 0, and radius 
06 detcnbe a circle then this will be the inscribed circle 
of the hexagon ABCDEF {Proh 31]. 

B) ciilcultttion 5^=^5=2", therefore the circum* 
diameter —4;'. 


And 0G=j0A^~A6^=JA-l=JB=U’IBi'’ therefore 


the in-diimieter — 3 46". 


Measurp the circum-diamcter, and the In-dinmeter, and 
you will find them =4" and 3. 46* respectively. 

4 


2.’ Let 0 be the centre of the given 
circle, aud let. ABCDEF and MNf'QRS 
be the icscnbed and the circuma-cribed 
regular hexagons it is required to 
p’-oue that the area of ABGDEF=ii 
of the area of MNPQRS. 

.Tom OA, OB and OHf, ON, and le» 
OM cut AB at X. 



11 


Then OX = J (OA^ - /X>) = ) = 

0>4, and 0>4 = j^Af=>~>4A/3)» j{,0m - iOm ) = 
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TUcrefotc OA. 

2 2 JS 

Because tlie £i.OAB OX = ^OA X OA 

OAi, aud tUo A 0M.V - \ 0A.MN - h OA 
4 

>‘:78<’''= J8 O'*’- 

.. A OABsslti.OfAN 

Auain becnme the ABCD£Fs=iO a 04B, andthe 

\xes.ag(^\i fUf/PQRS—G t^OMR 

,\ 'rhc htixngou ABQDEF of tlie Ixcsagou 
MNPQRS, 

If OA = 10 cm , tUeu the area of the hexagon 
ABODE F=6 A 0AB=:Gy,J3 0/Js=6 Xlo* = 

4 ^ i 

150^3=259. 8 sq era. 

3 Let 0 be the centre of n ojven 
circle, and !«t ABG be an isosee'es t/nnii- 
glo inscribed lo it, such tb,tt each of the 
angles B and 0 is double of the au >;le / 

Then BG is a side of a legulat pentagon 
inscribed in the cirele 

Because the L« A, B and G together 
-« 180“ [fh 16} , and the is B mt G aro 
each of thera=2 fciio l A 

5 times the Z. >J » 1 80*, aud therefore l /f»=36'. 

Join 08, OG Then the I 600=2, thi L BAG 

88 3=72*=*’^®^“. 

5 

\ BG iR ft Ride of a regular pentagon inscribed in the 
given circle ^Prob 80]. ‘ 
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4 on r. 201.] 

Note — See aho JJx 17, P. 170-71. 

4. Take a st. line >15 = 1 cm. ft is required to construct 
[ aifchout protacbor] (i) a regular ncxagon and ( u ) o reg^itar 
octagon on it. 

(i) IVitli ccutreg A and B and radmc 
=4 cm draw two aics intersecting in 
the point 0. With centre 0 and rndi«s> 

OA describe a ciiclc, and set off romid 
the circumference choi'ds BG, CD, DE anc 
fFeach equal to AB. Join FA, Thei 
ABCDEFis the required hexagon. 

Area of the hexagon AaGDEF=G times the a OAB. 

=rC X ^IIaBHSx. 2] = G X X 16 « 31. 57 sq cm. 

4 4 

( in ) Take a st line AB=4 cm. Pro 

duce it both ways to any pts B and Q 

and draw AF, BE perps. to AB. Bisect 

the Ls and EBQ by AH, BG makiiif: 

AH, BG each=4 cm Draw HG CD pari 

to AF, BE and make HQ, CD each=4 cm 
With centres G and D and radiu8=4 cm 

draw two arcs cutting the lines AF and BE at the pts. F and 
E. Join GF, DE and f'F. Tlien ABCDEFQH « the reqv-xred 
octagon. 

Join GD and HC, then the figure is divided into 4 rt. 
angled isosceles triangles, four rectangles and a central square. 
Let//C cut AFat X, and BE at Y, Then lAH^-AX^+HX^^ 

2AXK Therefore cm. 
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[Bx. l osP.-£02] 


Area of th figarc»=4 a^//X+ 4 rect. AB, AX-^-XY^ 
AXHX)+imAX)+AB^ 

=4xaxi J2Xi^-2)+4X(4X 2 J2) 

+i" 

" «lG4-32j2+16=77.25Bq cm 

Exercises OE tlie circumferencesjof a circle. 
Page 202, 

„ circumfemico 

l.Bacao8a^.x. 

16 


, .lu case (i). 9 '=^tCT “ ^ 

O.i , 


88 


In case (a) v = ‘s-s-=3 14286 cm. 
2*0 


18 6 

And in case ( ai ) cr = =. 3 14186 cm. 

3 l8r2>)4-8 14286+8 14186 
Moan of the three res nits = i 

=.3.14065. 

2. Length required for 20 complete turn8=75 4* 

1 turn =3 77'*. 




. circumference 3 77 
T- » — s= 3.1417' nearly, 

diameter 12 ■' 

3. Because the wheel makes 400 revolutions m 977 yds. 

.* ....1 revolution in 2 4425 yds. 

, _ __wramfereiice _ 2.4425 yds. _ 2.4425 x 3x 12 

“ diameter *“ 28* 28 

=8 140357 

Exercises on tlie area of a circle, P. 206, 

1, (i) circumference of a circle of 4 5 cm, TadiU8®2 ir r 

=2 X 3.1416 X 4.5 = 28 3 cm. 

(ll).........,......j^,..,.,..„„...10(r cm =2 irr 

i =2 X 3.1416 X 100=6283 cm. 
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[Exs. 2-6 ON P. 205] 

2 (i) Area of a circle of 2.8" raditts= t =» 3.1416 X (2.3)® 

= 16 62 sq. In. 

(ii) 10 . 6 '...= ffr®=3 1416 X (10.6)® 

^ =852.09 sq. lu. 

3. AE the radios of a circle iascrib- . 

cd in a square of 8.6 cm sides* 

fS=1.8 cm. 

Circumference®" 2 rr** 2x3. 1416 X 
1 8=11.3 cm., 

and area ** s r® = 3. 1416 x (1. 8)®= ' 

10. 18 sq. cm. 

4L See fig. Es. 3. 

Diagonal AG o( the square inscnbed m a circle of 7 cm. 
radius-" 14 cm. ^ Its area=|xl4xl4«=98 sq, cm. 

Area of the circle = r x (7)» = 154 sq. cm 

^Difference of the areas «= 154-98=56 sq. cm, 

R. r. 

' 5. Let 0 be the common centre of two 

concentric circles of radii 5 7' and 4.3". 

Then the area of the circular nng thus 

formed= ir 0^- :7 0A^= w [(5 7)5-(4.3)s]. 

=3. 1416X14=43.98 sq In. 

6. See fig. Es. 5 

Let 0 be the centre of two concentric circles, and let 
DA be drawn tangent to the inner circle from any pt D on 
-the outer circle. 

Area of a circle of radius AD= irADK ' 

« 7r(f?Zl2-Oi4S). * 

=area of the ting. 
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[Exs. 7-10 on P 205] 


7 Diivmeter of the circixm circle of n 
rectangio ABGD of bides 8 itn uud 6 cm 
the dittgou<«l of the lectnugle ABCD 

, But the diagonal AG = JAD^-\-DC 
= P) *» 10 cm , % The uicnmradm 
OA cm. 



' Area of four scsmeuts out-idc the rectniigu. 

of the areas of the circle aud the 

rectangle 

=UA^-AB AD=3 14:iex.o*-8x0 = 80 5 so. cm, 

8 Becausb the aie.i of the circle of radius o'*- r X(5)* 

* Area of the required sqiwrec^ r x(n)®=78 54 sq. In. 

. Sides of the required square = 34) =: 8 9" 

nearly. 

9 See fig. Ex 5. 

Let a>’ he, the radius of the smaller of the two concentric 
circles Then since the idth of the ni)g=l" 

.* The radius of the gieater ciicle=:(a + iy'. 

. Area of the nng=7r | (a:+l)3-!c® I ^ — (2x+^l) sq In. 


But the area of the given ring=22 sq In. 


7 


(2a+l)=22, and therefore 


*=3. 


The radii are 4" and 3* 

10. Draw the equilateral tnang'e ABO 
whose*. 8ide8=4* Draw the circumscribed and 
the inscribed arcles as shown m the figure 
Then these circles are concentric Let 0 bt 
the common centre. 

Then because AD = 'J^AB^ - BD^^ 

Jl6-4 = 2J8. 

.* ^0=|i«/l-|x2j3=ii^|,'8nd 0D=iA0=li^ 
'jiEx. 2 P, 198]. ® 
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[Exa 1-3 on P. 206.] 


0) T.ocns of the centres of circles toucMng ABfivd 
one or other of the st lines BQ, EH bisecting the angles ABF 
and respectiVeJy. [ Note VI, P 188} • 

(iv) Locns of the centres of circles toncbing CD and EF 
is one or other of the st hues FQ, FH bisecting the angles 

CFB and DFE respective!) [JToie VI, P 1883- 

The pts, 6 and H it here these st, lines intersect arc 

the centres of the reqnired circles. 

(ill) Because the centres of all circles touching two paral- 
lel St lines lie on a st. line parallel to the gi\ en lines and mid- 
way between them [ Note VI, P, 188] 

The pbs 6 and H are equally distant from CUf hence 

the radii of the tiro circles are equal 
. . Tne two circles are also equal 
2, Let ABG, DBF be two tri- 
angles which have their bas^s 
and the vert iBAG=s 
the Vert 4 EOF, then their ctrcimt- 
circles ikall le equal 

Place the triangle DBF over the triangle ABG such that 
the pt £ falls on B and £F along BG then because BFszBG 
therefore ff will coincide with5(?. 

V Let BGG represent the new position of the a EOF, then 
hecanse the L.BGG^tha l BAG therefore the pts A, 6,0 
and B are concyclic \Converse of Th, 39 ] 

. . The oircum-circle of the ^ ABG is also the cirenm- 
oircieof the a BGG. 



The circum-oircles of the as ABO and DBF ate equal. 

B. Let ABG be a tnangla. and let / he its 
lu-oentre. .Tom A I, and let the circnmcentre 8 
lic^on. AI. Then shall AB he equal to AG. 

Bcoansc / is the in-<centre, therefore the 
4 BA /s=the t^GAl {Prob. 26]. 

Prom 8 dratr SD, SB perpendicularB on 



I 
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45 and AQ re^pccbivoiy. Then since S is Lho circiim centfo 
therefore D and £ are the middle points of AB and AG res- 
pectively {Purb. 2a3* 

In the triHiigles SAD and SAB, because the rL lSDA 
=therfc, 4540, the z 540 = the tSAE, and t ho side 45 
is common to both tlierofore the triangles arc identically 
equal \Th. 17], 

AD=^A£, aud therefore ftl«o AB = AG. 

4:. Lot ABG he i trmiig’e rfc. augl'^d nt 
G. an«l let d, D denote the diHiiiotcis of it- 
lUocrihed and clrcnu.^cr^l)Cd cacle^. Then 
shall D-^'d^-a^rb. 

Bacinsc the area of the £i.ABG= 
h{a-{-b‘i-G)y.i C5x C, P. IDS] and it is alao 

= V ab. 

:,^ab — h {a.-^b^c)ycr, whence abd therefore 

< 2ab 

Again because the ^ 5 isa rt angle therefore C*— a^-f-6-*, 
aud D=AB=g [Pro6 lo]. 



. n . 2fffi cia-lrb)+o^+2ab 

.. u+a^o+ 

oCfl+h'l-Ka’-l-d**-i-*2a6 

(a-l-d+c) "" ^ {a+b+Q) 

_ (g+6) (c+g-ph) 
ia+b+o) ' 


•a+b 


5> Let ABG be a triangle, and let 
.the inscribed circle tonch Uie sides 
45, B6 and GA at the pts. F, D and 
£ respectively Then tne angles of 
the triangle DBF shall be respeotiueiu 
90 90V| 

Because AB and AFexe two, tan- 
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gents drawn from A, therefore A£=^AF {Th 47), 4- therefore 
the lAF£’=‘ the l AEF. 

Again because the z,^F£+the LA£F+the i/v4f=180 
that IS 2 the Z^£f+the z^=180* 

The 4 ^ >!^£+“=90’, and therefore the i/f£=90‘-^ 
Bat the ii4££=the lFD£ in the alt. segment [3% 49], 
Therefore the L £D£=90°-* 


Similarly it can be proved that the cF£D=00^~^^ and 

the L ££fl = 90*-|. 

6 Let ABG be a triangle, 

and let /, h be the centres of 
the insenbed and the escr.bed 

circles Then /, B, h and C 
shall be concyolio, 

Becanse IB, IG bisect the int 

LS B and G [Prob 26], and 
/i B, l\ G bisect the ext l 
and G [Pro6 27] 

.* The Z.S /fl/i and /(?fi are rt angles. 

.* The pts l,B,h and G are concyclic \Coxvomt of Th, 40]. 
7. See fig Ex 6. 

Let ABG be a triangle, and F, D, E the pts. where the 
in-circle touches the sides AB, BC, andC/I respectively. Then 
shall AG-AB^GD-BD 

Because AE=AF, BD^BF, and (?£c=f?f> [Th, 47] 

AG-AB^{£A-\-GE)-{AF-i-BF)^{AF+CB)-{AF’^BD) 
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[ Exs. t-9 os S06. ] 


8. 0) liCfc ABO be a triangle, and let / adn 

S be the centres of the inscribed and the cir- 
cumsenbed circles. Join /5, //and AS. Then 
shall the L IAS^\ (B-G). 

_ Join SB, SC. Then because SB=SG { each 
ieing circumradins), therefore the I SBG— the 

Similarly the JL SBA=the' LSAB,aiid the lSG A ^ the 
lSAG. 

S-(?=(the z /55+the (?55)-(the /L AGS +the lGBS) 
=the /LABS-the lAGS. 

=the tBAS-the lCASI 

*=«(the L 5//+the L IAS)-{the L GAI-the l IAS) 

=2 the z.//5[.%the iBAlz=.the jlGAI] 

« . The L, IAS ^ ( 5~Cr ) 

(li) From / draw AD perpendicnlar to BG» Then since 
//is the bisector of the vertical lBAG, therefore the lDAI 
=l{B-G)[Ex.Z,P 138]. 

.'.The lDA! =ithe lIAS. 



A! vs the bisector of the angle DAS. 

9. Let ABGD be a quadrilateral of which 
the diagonals AG, BD intersect at 0. Bisect 
AO, BO, GO and DO at the points K, L, M, N 
respectively. Let the perpendiculars at K, L, 

M and N to the straight lines AO, BO, 00 
and DO meet at the points P, Q, B and S as shown in the 



i 


figure Then P, Q, R and S are the circura-centres of the trv“ 
angles AOD A03, BOG and GOD respectively [Pr<?&.25]. / 

It IS reguired tojivovs that PQRS is a paTaUelogTavn, 
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[ Ex 01- lloN P. 206.] 


Because PQ, RS aie each of Ihein perp. to AGm 
PQ IS parallel to RS [^a: 2 P. 41] 

Again hecanae PS, QR are each of them p^rp to BD there- 
fore PS 18 parallel to QR [^Ex 2 P 41] 

PQRS 18 a parallelogram. 

10 Let ABG be a triangle, and let / be 
its m-centre BescTibe a circle about i 
\Proh, 25], and produce A! to meet this circli 
at 0 Then 'shall 0 be the centre of the circle 

j 

'circumscribed about the triangle BIG 

Join Bl, Cl, BO and CO Then because / 

1b the in-centre therefore Al, Bl and 01 bisect 
the cs A, B, and G respectively \Trob. 26] 

. The L 0IB=sthc i lAB+ihc l IBA [P/i. 1C]» 



2+5 


Again because the L 0flf7=the L OAQ [ Th 39 ] ' 

=“ and the L 081=^ 

..the L 06/=the l OBG'^ tho CBI-=^+^ 

The tOBI^bhc ^ 0/P, and therefore 
Similarly it miy be proved that 0C=.0/ If OBs^OhOG- 
.*. 0 18 the qeutre of the circle described about the A 
BIG [PA 33]^" 


11 Lf'b BG be the base, P the alti- 
tude, and XY the ladiiiM of the circums 
cribed circle of a triangle Jt is rtguvreu 
to construct it 

D draw DZ perp ti 

D G Then the circum-ceutre lieson DZ 



IProb. 26]. "With centre B and radiussrjfl' draw an arc cut- 
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[ Ex. 12“ ON P: 206 ] 

tmg D2 ftfc the pb. 0. Then 0 is the circam-centre of the 
required tnaugle. 

With centre 0 and radius OB describe the circle BAG, 
Draw BE perpendicular to B6 and make it equal to 
i'com £ draw the sb line EAF pari, to BG, cutting the circle 

at the pt A and A'. .Torn AB^ AO uud A' B, A' G, 

Tuan ABO and A' BG are the required, triangles 

12 Let/4, ,B and C be 
the centre of three circles 
touching one another exter- 
nally, two bv two, at the pts 
,0 E and F. /t is required 
' to prove that the insoribed 
oirole of the triangle ABC 

ii the oiroirmsaribed oirole 
^ of the triangle DEF. 

Bisect the Ls A and B br the sb. lines AO and BO 
intersecting at pt. 0, then 0 is the centre of the ins- 
cribed circle of the A ABC, [Pro6. 2G]. 

Join {?/}, (7£ and OF. Then, m the As ^00 and /OF, 
because tha side AD—AF and tne side AO is common to 

both, also the LOAD = the* a 0/F; therefore the triangles 
are identically equal [7%. 4], and therefore OD^OF. 
Similarly it can be p'oved that OD = 0£. 

A circle drawn with centre 0 and radios 00, must 

also pass through the pts £ and F, and is therefore the cir- 
'cumscri bed circle of the A DEF. 

Again because 0 is the in-centre of the A ABG, and OD, 

OE, OF are perps. to AB, BG and CA respectively hence the 
circle drawn! with centre 0 and radius OD is the inscribed 
circle Of ihe A ABG. 

> The-, inscribed circle of the a ABG is the circums- 

cribed circle of the a DEF. 
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[Exs. 1-2 ON E. 209] 



Exercises outlie Orthocentre, P. 209 

1. Let 0 be the orthocentre of the 
aABG, and let the perpeiidicnlar AD prodnced 
meet the circum-circle at the pt G Then 
shall OD—DG 

Join BO, BG and CG, and produce BO to 
meet AG at the pt £ 

Then che i e££=the /l GAD {For each « 90*- l AGO) 

^ in the same segment. 

Now m the AS OBD and GBD, because the z OBD=t}ie 

L ^ rb L GDB, and the 

We BD 18 common to both, therefore the triangle are identi- 

cally equal f 7%. 17]. 

0D=:DG 

2 (i) Let DBF be the pedal triangle of 

the acnle angled aABG, Prodnco £Z? tb a»v 
point 6, ^ 

P. 208).*^®“ ^5/?f=the I EDO (Cor.l, 

“opp /BDG ' ^ 

••• 0" f C . tracts the ext. z FDG. and. 16^^^!^^ 

esctfirnoi bisector of the zEDF, / 

Similarly it can be proved that GA and AB are the exter- 
ml bisectors of the i s DBF and BFD respective Jr - 

A/® tr-ongle of the 

iNote on Cor, 1, P. 2081 
lBDO' ^ “ ‘^® ^ =the 

LRnF^^f^X complement of 
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[Exs. S~5 on P. 209] 


BG or BD is the internal^ bisector of the I EOF, 

Similarly it can be proved that AC, or AE is tbo tnicmal 
bisector of the iBEF. 

3 See fig Ex. S. (i) 

Let 0 be the orthocentre of the triangle ABC. li is reqtnr- 
ei to prove that the L s BOG, BAG are supplmentarff, 

^Boconso each of the zs GAD and EDO is the complement 
of the L A6B, therefoie the z GAD = the z EBG. 

Again because each of tbe zs FOB and BAD is the com* 
plement of the z ABG, therefore the z FGB= the z BAD. 
the z fBC+fche z FCB=. the z CAD + the z BAD. 

= the z BAG. 

•But the z « EBG and FOB together are supplement of the Z BOG 
[ Th. 10 ], therefore the z« BOB and BAG arc supplementary. 

' 4. See fig. Ex, 2 (i) 

It U required to prove that each of the four points Ot A, B 
nda(7 is (he orthoemtre of the ti tangle whoso vertices ate i%e‘ 
other three. ^ 

Point 0 18 evidently the ortbocentre of ihoA/BB. 

In the A BBC, ' because OD,BF and CE are per^peiidicu- 

lars drawn from the vertices to the jopp. sides, and because 
these prcjicndtcnlars meet at A, therefore the pb. A is the or- 
thocentre of the a OBG. 


Similarly it can be proved that B is the orthocentre of the 
CiOAG, and G is that of the aOAB. 

6, Let 0 be the orbhocentre of the 
aABG. Has required to prove that the circles 
cireumcnbed about the 'triangles OBC', OCA 
and GAB are each equal to the circuvi circle 
of the A ABG. 

Join BO, OG and cirenras CTibe thecircle 
BACP and BOCQ about the tiaingles 
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[Exs 6-7 ON P. 209.] 

t 

5>I(? and 50C respectively [2% 25 ]. Join 5^ and CP 
Then the L ? BAG and BPG are supplementary \Th. 40]. 
Also the L e BAG and BOG are snpplementary [Ex 3 ]. 
The L BP(?<=tbe l BOO,imA therofore the segment 
BOG^the segment BPGt and the segment BAG’^tha segment 
BQO 

The circle BAGP=the circle BOGQ ^ 

Similarlv it can he proved that the circle circniiiPcrihed 
about the triangles GAB and GAG are each equal to the cir- 
cle 5/lCP 

6. Let ^Of 6 be a semi-circle described 
on tno dittin^ter 45, an! let AO and BE pro- 
duced intersect at F, and AE BD fA G Join 
FG. and produce it to meet AB at H. Then 

6H shall ho psrpm'lirular to A B 

Bich oE the Ls A08, AEB being an angle in a semi-circle 
18 a rt angle (TA 41), thirefore BD,AE are perpeii'^icn'ars 
drawn from the vertices to the opposite sides of the a AFB. 

. . The pt, G where BD and AE intersect is the orthocciitre 

of A AFB 

FGH 18 perpendicular to AB 
7. Let ABG be a triangle, and 0 its or- 
thocentre Describe a circle about the tri- 
angle ABG ( Piob. 25) and let AK be its dia- 
meter. Then shall the fig BOCK be a parallelo- 
gram 

Because the L s BAG and BK G are suuplementiiry f 2’h 4n,) 
as also the angles ^4E7 and 5017 are supplementary ( 3 ), 

therefore the L 55f?=:the L 6KG. 

) Because each of the £.s ABK and ACK is 'a right 
angle ( Th 41 ), therefore they are equal. Also the 4 ABE=s 
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[ Exs 8-10 os P. 209 ] 

tlie lAOFiBeoaiise each ofthemisihe compfemntof 
the L BAE) - Therefore the remainiDg L s BBK sod FGK 
are also eqoal, 

/. The opposite angles of the fignre BOCK are equal 

BOCK IS a parallelogram {Esc. 2, P. D9) 

8. See figr 7. 

Join OK. Then OK shall pass through the middle 
point of BO. 

liSt OK cut 80 at M. Then since BOCK is n parallelo- 
gram and BO, OK are it>4 diagonals. 

B6 and OK Inject each other at M {Ci>r 3. P. f»0). 

OK passes through the middle point of Bf* 

9 Let ABO be a trianslc, and 0 it 
orthacentre. P.iscct BG at hi. Join ON, 

and pro.lace it to meet the circum-cirdp 
at Q Let the prepend’cular AD produced 
m«et this circle at P. Join PQ Then PQ 
Shall be parallel to BO. 

In the triangle OPQ becau'se 00=0 P {tx, 1 ; auu o/w— 
NQ[E.r 8]. 

ON or BG is pira’lel to PQ. 

10 See fig Ex. 9. 

Let 0 he the orthocentre, and 5 the circnm-centre of the 
tnansle ABO. It is required to prooe that the distanoe of 
each vertex f om 0 is double of the pern, drawn from 
S on the opposite side 

Join AS. and produce it to Hieeh tbefCircIe at 
the point Q. Join AO a^nd OQ, then OQ passes 
tlirough fhe middle point, fif BG I Ex S) 

. Join fN then SN perp. to BO (Th SJ.) 

Because AS = SQ. and ON ^MQ, 'therefore SN ^\0A 
[Ex 3, p. 64] ^ Similarly ir can hepioved that 
CfiaudGCare ie3pectii?ely double the perpendi- 
culars drawn hoin S ou AC and AB. 
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[ Ess. 11-1-2 ON P. 209 ] 

11 hubZABG be a' triangle and 0 it*- 
ortho-centre* Jom AO BO and GO 
Find P, Q, R, and S the contrea of the cir- 
eles circumscribed about the ttiungless 
B0G.G0A,A0B and ABG respectively 
(Pro6. 25). Jom PQ, QB and RP Tnen 

the A PQR shall be equal in all respects to the a ABG 
Jom AS, BS, GS, BP. GP, AQ and GQ -Then these sc 
lines being the radii of the circles circnmscribed about the 
AS BOG. GOA. AOB and ABG. are all equal to one another. 
5.] , 

•. The figures BPG8 and AQGS are each a rhomb na 
AS IS jiarallel and equal to GQ and BS is parallel and 

equal to GP 

\ The I ASB=:itlaa L QGP. 

Now -m the tnaneles ARS PQG, because -/IS=C0, 
BS-PO ani the LASBssihe ^ therefore the triangles 
ate identical'y equal (2% 4), and therefore ABssPQ. 

Similarly it may be proved that QR^BGaaA PR— AG. 
The triangles ABG aud PQR have three sides of the 

one equal to the three sides of the other. 

The A PQR IB equal in aU^respects to the L.ABG. 

12 See Ex 9 - > 

It is required to construct a triangle, having giv- 
en the vertex, the orthocentre, and the centre of the 
circum-circle. 

Analyst — Let ABG he the required triangled of which A 
JB the giren vertex, 0 the orthoceutre, and S the ciroum- 
eentre. 

The triangle can be constructed if the base BG is known. 
Let us consider SM to be the perpendicultir dropped from S 
on BG Then SM is parallel to AO and half of it (JEx 10). 

^ "Renee we have^the following construction — 

Construction — Jom AO "and AS With centre S and 
radius AS describe a circle From S draw SM parallel to AO 
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[ Exs. 1-3 ON P. 2U ] 

* 

making AO. Tlirongli M Arm BMG .pei^Po^Jj^ular to 
SM catting the circle at the pts. B and G. Join AB^ AG. ihen 
ABG IS the rcqnired triangle. 

Exercises on Loci, P. Sll- 

1 ' Let BG be the given base, and X the 
given angle, and let BAG benny tiianglo on 
the base BG having its vertical £. i^=the L X. 

Produce AB^ AG to any point D and f, and 
bisect the ext is GBD, BGE by the’st. lines 
inteisecticg at the ex-centre 0 opposite to A. Et w t squired 
to find the locus of 0 

Because the i BOG=dO‘~° (jjvg 7 , p. 47 ), 
and the lA k constant (being ahoays equal to the lX.) 

.* The L BOG i*- also constant. 

The locus of 0 >b the arc of a segment on the Used 
chord BG and containing au auglc= 00 ‘ ^ 



2. Let AB be any given straight line, and 
AP^ BQ any two parallel st lines drawn from 
A and B. Bisect the angles PAB^ QBA by the 
St. lines intersecting at 0. Ilts reqxnredti 
fnd the locus of 0. 

Because the ^/M5-f-tho L Q5>?c=180‘ 
i Th. 14 )., 

.* i the L PAB+^ bhG e. the, a 0;45-l-the 

I OB A sz90\^ 

.-. The lAOBz=00\( Th 16, /«/ 4 ) 

.*. The locns of 0 is the circle described on AB as diame- 
ter. ( Thr 41 ), 

3. See Ex. 6, P.166. 

4. Let ABG, DBF be any two of a 

system of concentric circles whose com- 
mon centre is 0 Lot be a fixed pt. 
from which PA, PD etc. .tangents are 
drawn to these circles. It is required to 
find the locus of the joints of • coniuet of 
these tmgentSs 
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[ Exe, 0-6 ON P, 211 ] 

Jom OA, OD. Then since 0 nud P are fixed points there- 
fore OP 19 a fixed straight line ym 

And the anglcb PAO, PDO etc are all right angle5-(r/i 
•. The locus of the required points is « circle descn e 

upon the di imetcr GP (A'c 1, P. 

5, Lot ABDG bo a g'ven circle and B 
and D tvro fixed points, on it. Let BP DP 
be drawn aa) two such straight liucs fr(»ni 
B and D that they lutcrcept on the circum- 
ference nu arc AG of coiistnnt length It 
Teqmred to find the licus of P, 

Since the arcs AG, BD are of constant 
length 

.•,The isDGBmdABG which the«e arcs respectively 

snhtend at the circumference, are of constant magnitude 

Again since the iGP8=sA\xi lABG-tho DGB {Th IG ) 
therefore the L GPB, or DP8 is also constant ' ' 

, *. The Iqcus of P is the arc of a segment on the fixed 

bhord BD, and containing an angle =» the 4 ^5f?-tho L PGB 

I MM I o o 

6 . Let 4BPQ be a circle of which PQ n 
a diameter Let A, B bo two^ fixed points 
on its circumference, and let AP and QD in- 
tersect at 0 It IS required to find the hats 
ofO 

A, B being fixed' points, the L AQB which the arc AB sub- 
tends at the circnmfcronce is constant 43), and the lPAQ 
la a right ingle ( Th 41 ). 

.* The which issrthe LOAQ-\-t\ia lAQO fjh 1C), 

^ is also constant. 

.’.The locus of 0 is the arcof'a segment on the fixed 
and' containing an angles: 90’-hthe lAQO. ' ^ ' 
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[Exs 7-9 OK P. 211 ] 


7. Let /f SC be a triBUgle de=cribed 
bpou tie hi-te BG aiid haviEg itsverti- 
Ciu ai'gle equal to ibe given Z.A^, i-nd 

let BA be produced to P tuch that BP=^ 

BA-i-AG, It is required to find the 
locus ofP, 

' Join PG* Since BP=^BA+AG there 
fore AP=iAGt and therefore the lAPG=^ the L AGP. 

Lecduse the z.fi>?C=the z.i?PC+the L AGP {Th 
,2 the lAPG^ 

The lAPG=\ the l BAG. But the i.BAG heiug 
.equal to the given L X, is constant. 

The is also constant. 



The locus of is the arc of a segraent on the fixed 
chord BG. and containing an angle =| the L X~ 

8. Let ABG be a -given circle of 
which AB is a fixed chord. Draw any 
htherchora AG from A. and complete 
the parallelogram > AGDB. Draw the 
diagonals' AD, GB intersectme at 0 
It is required to find the locus of O. 



Since the diagonals of a parallelogram biseco e^cli ocn^r 
therefore 0 is the middle point of the chord BG and since 
this chord passes through, the fixed point .5, therefore 


the locus of Its middle point 0 is the circle POB whose 
diameter P5=the radius of the given •circle AGB {Ez. 8.) 

9. Let OAy 08 be two rulers placed at 
light angles to one another, and let PQ be 
a position of the straight rod PQ which 
slide* between them. From P and Q draw 
PX^ QX perps. to OB and OA intersecting 

v\ X. it is required to find the locus of X, 
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[Eks 10-11 os P. 211 ] 

I 

Because the figure OPXQ is oTidcntlj a rectangle, there- 
fore It" diagonals OX and PQ are oqnat, 

Sinec the rod PQ is of constant length, therefore OX is 
also of constant length, and the point 0 is a fixed point. , 

• The locus of 18 a circle whose centre is 0, and 
Tadias=:the Icngfh of the 'rod. 

10 Let P be a point on one of the tw> 
circles luttrscctiug at A and B .nid let th< 
st liue^ PA, PB~ meet the other circles in 
Q and R Let AR and BQ intersect at 0 
then it J8 required to find the looui. 
of 0 

, Because A and p are fixed points, theieforo the 
L s APB, AQB and ARB .ue of constant magnitude. 

The I QBR being equa^ the z. ^PP-i-the z PQB 
is constant, and theietoie the lAOB being equal 
to the iQBR+tihe lARB is also constant. 

*. The locus of 0 is an arc of a segment on the 
fixed chord AB 

11. Let AHB and AKB be any two 
circles intersecting at A and B, and let 
HAK be a fixed straight line drawn 

through A and terminated by the cir- ' 
cumferences. Also let PAQ, be any 
other straight line similarly drawn^Join 
HP and QK and produce them to inter 
sect at ^ Jt te required to find the 
locus ofX. 

Since the Z//P0=the LPXQ+\,loe LPQX{’^h 16). 
.♦.The zPA’§=the lHPQ-Wh^ lPQX. 

Since H, A and K are fixed points therefore Ino angles HPA 
aiad aqk which the arcs HK and aK subtend at the 
circumference^ are of constant magnitude. 
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[ Bxs. 1-2 ON P, 212 ] 

Their difference is also constanfci that is, the L PXQ is 
constant. 

The locus of X is an arc of a segment on the 
chord HAK, and containing an angle = the l H Py-the i PQX 

Exercises on Simson’s Line P 212. 

1. Let P be any point on the circumcircle 
of the A ABG. and ht' PD, PFbe the perps. 
drawn from P on BG and AB respectively. 

Join FD and let it cnt AG at £. Join PB. 

1 

Then shall PE he perpendicular io AG. 

, Join /4P, and GP. Because the is 

BfP'and BDP are rt. angles, therefore the points P, £, B and 
D are concyclic {Converse of Th 40), and therefore the 4 FPB 
»the iFDBlTh 39]. 

'Also the 4/4Pfl*=the lAGB {Th. S9). 

;.The iFPA=:i.ho iFPB-tho LAPB{Tk 16). 

=the iFDB-t\ie l AGB 
=the L DEG {Th. 16). - 

■ =the (2%. 3). 

The points A, E, Pand Pare concyclic ( Converse of 
Th. 39).^ 

The z 8 AFP and AEP are supplementary {Th. 40). 

But the L AFP is a rt. angle, therefore the i AEP is also 
a rt; angle. ' , 

PE is perpendicular to AQ. 

^ 2. See fig Ex. 1.' 

. Let 'P be any such point that D, E and F, the feet of the. 
perpendiculars drawn from it on the side of the given tri- 
angle ABGt are collinear. It is required to find the locus of P 
' Because the la PEA'md PFA are rt, angles, therefore the 
pts. 'P,‘F, 4, and f.are concyclic, smd therefore the lAFExsc 
the z4Pf C2%.89). , , 

Again because the laPEG,PDGAKn, angles, ‘.therefore 




96 


/J,® Ptifp£n ' * 212 7 

“'«i»fl''“'‘'>Mec»„. . 

^ea,?i ’ “^•' ‘I” / W!l? -= '''"■f 

“'"‘S-Se'”'"'”" 

lgl£F"H?fc 

^xlos of t)i_ ’ «nd /vr „ 

f-^7 '■ i“ slu® “■'Wore ,i/"PoWion;.,T^*®®® 

op tlie*B^J^®'oose' nc ^ ^nnd ^ ^ om^g 

“» ooa.«M“,»f ‘io a 5S ^'■ore “"'Poor 

4 ’ Tiio r. p ‘^oi'efoi^°/J®®‘^»cu/6rs r- 

'*” «' <?vs; 
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["Ex. 4 on P. 212.] D7 


Let FP meet the circle ngiin st 6, Join GG, and produce 
FG to H making PH = FG 

Find Q the ciicisra-centre of the CiiABG \_Prnh. 27*] and 
draw QK, QL perps. to AB an i P6 recpectively. Then K and 
L are the middle point's of A3 and PG {2'h 3l ]. 

.Tom OG, tneii OG^lF^K [Ax in, P 2n3]«2fI^W. 
Bectose the auglec AEP and AFP .ire rt. angleu ihertfo’-e 
the pomt-s y?,£,P and /■ are oncTchc, and therefore tlie lPAE 
=lhe lPFEXJU 33]. 

Agi'ii bco,iuse fch® pts. X. C, P and ff are concvcllc. 
A the LPGG=\ho lPAG.vvPAE. 

it P6G= L PFE, aud therefore GO is pari, to FD 

[2A 131. 

If GO .nta-^ecfc OF at H, then FffGG is a para)lelo»'Tam 
aud therefore €H t:^FG—PH ° 

And viuce OG=FH the-efore OH—FP, 

Al'O OH IS p ir 'll* i to FP, for cich is perp to DF. 

, .*. ’{ h** fnr fOUP ijs a p-irallelogram. 

Hence thp diugouals FH, OP Insect each othsi at H. 

,% OP is bisected b.v the st line DEF. 

Proof of the equalities on. Prop. 

VL P. 5213. 


[ I ) Because /£ , ifl£ are two tau 
gents from A t-o the inscribed circle 
hence AE=AflTh 47 Cor.} 

Similarij it ma\ be proved that 
BD^BF,^rLdOD=6E 

Isovr A8 d- BG+CA =(,AF-i-AE) 
‘^(BF-{~BD') E-^GD}, 

—i AE-i’28D^2CD 
' =2 AE^2BG 

t.=2/!£+-2a.T 24£=2,.2„. 



Cfl=e£^“4f M =Bf=.- 6, asd 
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[ Ex OK P. 214 ] 


(ii) BecanBe AEi AFu ate two tangents from A to the 
escribed circle, therefore AEi^AFi [Th. 47 Cor}* 

Similarly BFi^BDi^ and GE\=CD\ 

AB-^BG+GA^AB^BDi^AC-^-GDi^AB-i-BFi+AO 

+C£i=^fi-r*/£i=2 AEi 

i. e 2i=2 AEi, Therefore AEi^AFi=» 

(ill) Because C£i=:4£i-^(?=fl-6, V \ GDi*=^GEi^s-h. 
^nd because fi£i=i4£i-/fl=:s-c, ^ /. BDi=‘BR=is-c 
(it) Because CO =«-c, also BDi—GD. 

Again because BD=^~b, also COj=«-6 ^ BD «= GDi 
( T ) EEi=iAEi — AE=s-(s~a)=a 

and ££i=»^£i-/£=«-(s-o)=fl * 

A EEi=FFi=a 


(vi) Area of the a ABG—l (o+J+c) r [Ex 5 P. 198] =rt. 

Also . ••••«« , ,, s:i- /"j {^jFar. 6 P. 198]^^! 

(s-o), b-cause (8-tr)=:J(®+i'+cj-a=i {b+c—a) 

(vii) If the z C be a rt. angle, then the figures IDGE, 
ai d h Di GEi irould be rectangles 

A r^lD=GE*={s-c) and ri-liDii=:GEi={fi-l) 

Proof of tile properties on Prop. 
VII P, 214 


( 1 ) Because I A, 
bisects the z BAL 
{Prob. 26), and hA alsi 
l-iteclsthe LBAG\Proh 
27), therefore the pts 
A, / and /i are coUinear 

Similarly it can be 
proved that the pts. B, 
I and h as also the pts 
G, / and Ig are collinear 
(n) Because Ah, 
Ah are the internal 
and external bisectors 




[ Es. QS P. 214 ] 
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<?f tbs £./, tcsrcfore tcs i /t> s right ssgis, SiniUr- 
Ij tha i /»^ //* ts a righ; a-gie. Heacs the pt«. /i. / and is 
are ©•>riiaear. 

Sfrrilarsv it csa b* proved that the pSs. h^B sad A aE sl=o 
the pts. As (? sad /• sre cD^hreac. ' 

0ii) Becat:£3/As22 /A bkect the i-^rrriol end ee/anal 
L.A therefore iiAU perp. to k U *7 Sirailarlr ife esa he ptov- 

® i th^t A £? £5 perp. to ti A, asd cb.it A 6 is perp, to A A T 
A8G is the petfa! trisrgfs of the ^ /r A A. 

Tbs BhOt €hA,Ah3 are e^osascler to oce ceo- 

thsr zzi to the £. f- !' P Z^''7‘ ^ 

(it) If the icEoribed drcle t«''ach*s the sides BGt CA sn-i 
A8 ztD,£ QTC f, thsE the LfDE*^9>A-%. (£=» 5, /*. 20G} 
Also the i£/xC=:C'‘}*-^ CB=. T, P. 47). 

.’.The z:fiJ£s=ths iSliQ. SInilairiT it naj he prored 
thstths i/7£P=:he LAW-, sri that the £ BfDs-tht lA 
ii5 *r The i? DEFzni A A A ave eoaisrgukr. 

(t) Becaoss / is the orthooeEtre of the ^ /iA/x £ PrcctU 
ii: esf^ lilj. 

/.Of she foor p^s. fJJzzsa Iz eseh is the orthocertre of 
the trisrig’e ^rbose vertices are the ether three (£r. 4, P. 2o.^} 
(rrj S'rca / 35 the ortetoeatre cf the l. hlzfz tbe^fore 
the three tireJes vrk^a pcs? ebroagh Vrro veriicss cf ib>» A 
AAAaai/fars-es'.h fcocalx) the clreuai'crrcle of ^.PJzh 
r£r..',P-S-'>2. 


/. The fear d’clfe?. each of trhich pisses throagb three cf 
the ptiiats A /j. i^zils are all eqsah 

Exercises on the Triang^Ies and its 
circles, P. 215. 

/. See Sff. Last Exercise. 

ii) (1) & (ii), P, SiS), 



a 00 [ Exs 1-4 ON p. 2 1 5.] 


and DiH 3 -CDy-GDi==s-{s-b)=^biI!oes{U) & (III), P 5J3) 

. . DDi^DiDs =• ^ 

(u) DDf=GDs-GD -s-(s-e)^e lExs. (Q &, (n). 213] 

nnd DiDis:BDa-BDi-B~(ji-c) = c ( Exs. (ii) 3. (ui)> P- 213 )- ^ 
. DD-\-^D\Dz-=.c, 

(ui) DiDi^DiDs+DiDs=A+e. 

iiv) DDi^DDa uj DiDz^h i/i c. ' 

2. See fig Last Exer.cise. 

Becansb ! i3 the ortbocentre of tho A hhh and ABG is its 
pedal tviangle, also tjl\h and h ate the centres of the inscrib- 
ed and escribed circles of the a ABG^ 

\ The orthocontre and vertices of a triangle are the centres 
of the inscribed and escribed circles of the pelal tnansle. 


j/m / ® 


^ 3 Let BG be the given base, JT tjic*} 

given angle, nnd let be any triangle on 

the given base BG having the vertical l A 
equal to the l X Prodnce A8, fiO to nnr 

points D and £, and bisect the i s CBD, BCE by the st lines 
BO Co lotercGcting at 0 It is reijuwed to flrid the hms o/* 0 
Because the [Er, 7, P 47], and the lA y 
constant, therefore the 4 BOG is also constant ' * 

. The locns of 0 is the arc of a segment on the fixed chord 
BC containing an angle=90"-§ 

4 Let BG he the given base, and X the ] 
guen angle, and If tXBC bo any triangle! 
on the given base BO, having the veitical 

I A equal to the lX It is reqvtred i» ] 

p o’e that the ctrcum-crntre of the A ABG 
‘s fixed 

Because tho 4 ^ is constant, and the base BO is 
xged tli^efoie the locus of A is the arc of a segn cut on tho 


A 


Ll ^ 
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[ Ess. 5-6 ox P. 215 ] 

Sisl chori 80, coztsiaizg sz anrie eqnzl to ths L X. But T 
thh is ths sszaezz ot the drcutu-circle of the fcrisa^e BAOt 
t^irefore cue ctrcaiu-oirde is Sxed, acd h-eaca its ceatre is 

£3-ji fired. 

5. Let ASG le &ny 
insugle os tae given 
tzvz BG, sad taring 
the vertical L BAG^ 
the given vertical angle. 

-^Let /» fee the csrtre of 
the escribed cirde 
tonobiug the sice AG 
ft is required to find 
ike focus ofli. 

Becacse the Lt txB 
fi sad hAh ara Jt. an- 
gles, therefcre the pts- 
(i^8,A sndii are cor 
cjclic, and therefore th 

£5/2/s=the £ SX/i in the sitne segment ^,2*4. 3j)=^ 

The Iscus of /• f= the arc of a segment on the Sxed 
chord £0 contais'ng on acgle=^ 

6. Le* BG bo the given bcss^X tb 
given angle, and £? the poinv o£ coutac 
vitb the base BG of the in-ciTcJe. It is 
required to construct the triangle, 
liozzs: Cii 0 is the arc of s secmeat or 
thefised chord SG, end c-ntaining ai 
anglers fr-^ f{Fri^p,n:,P,210 . 

?f 02 t D izzTT DO pefp. to ££ meeting this arc at 0. 
Then 0 is the In -centre of th^trias^e, end 00 the in-radins. 

With centre 0 sudrarjins GD drav s circle. From B and 0 

dzzTr tangents to this efrcle, intesectisg sfc 4, Then A8G is 
the re^juirad triangle. 





im 
centres 
j^ABG, 
the tni 
the ,pt8 

Then Hi, 
Join 
and the 
2 the L 
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t Exs. 9-10 ON Py 215, ] 

9. . See %. Ex. 8 

Lfit /sj /s be the centres of the escribed circles which 
tonc^ the sides and AB of .the a ABG respectively. It tg 
required to prove that the pte. B, C, /j and /s shall lie on a cir- 
cle whose tentre lies on the etrctm-eu ele of the A ABC. 

Pecanse the z < /B/g and /a Ch are rt. angles, therefore 
e pts. la C, B and /a lie on a circle whose diameter is h /a* 
Tl Bisect la la at X, then X is the centre of this circle. 

Join QX, then because Ha is bisected at Q {JEx. 8 and la /» 
at X, therefore QX is pari, to lU ( Ex. 2, P. G4), and there- 
fore the ext. LAXQ^ihe iiit. l la Is C {Th. 14 ). 

Again because the Ls lAh end IBhnrexi angles, there- 

/ //!/ and ^ are concyclic, and therefore the 

^A/3/=the a^ 5/ [iPA. 89]. 

‘n, Z ^5/ or the lABQ and therefore 

the pbints A iTi 5, Care concyclic. 

But the pt. Q lies -on the circum-circle of the l ABO, 

circum-circle of the Ayffif? 

'10. See fig. Ex, 1,P . 218. 

to drT regitired to 

iich oJ" ^^rcles which maij to 

uch one another two hi/ two, 

BC oA'i! ‘O"'* the ndes 

Th» r .‘t*’’' ^ Pr«pecl,vdy. 

<!D=0£ (Sol B.218). 

Not. , I. <aser«oHy iwo by two. 

JMOCe -— alsc Ex. 12, P 206. 

>miy. Thou becooso A£,z=/IF„ bD^BF, ond e/)._C£. 
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[Exs lO-ll ON P. 215] 


{Exs (ii) and (iii), P 213] hence the ciroleq described with 
centres A,B and G and radii AEt, GDi and BFi will touch each 
other two by two 

Similarly if the escribed circles whose centres are /j and 
It touch the Bides BG, GA and AB at the points Z)a, fz, 

Dt, El, Ft respectively, then it can be ^hown that the circles 
described with centres A, B^G and radu 4fa. GDs and BFa, as 
also the circles described with centres A, B, G, and radii AEs,' 
GDt and BF 3 will touch each other two by two 


Thus we see thit there are /ottr solutions of this problem. 
XI. See fig. Ex, 5. ' ' 

Let /ji, /a, /a, be the given centres of the three escribed 
circles It %s required to ooneiruet the triangle, 

■^alysis Let ABG be such a triangle. -Join /i /a, h 
-and 7i /land from /i, /j Iz draw /i /a and h G perps 
to tno opposite sides, and let them intersect at the pt /, 

Then becanso / is the orthocentre of the a /1/3/3, and 
the pis. A, /, /j^are collinear; so also the pts B, I, It and G, 
/. h are collinear' (iv) & ( 1 ) P. 214] 

ABG IS the pedal triangle of the A I it sis- Hence we 
have the following construction — 

from /j, Is and Is draw /i 
A /sB and /a G perps to thebpposite sides. Join AB, BG 
and GA Then ABG is the required triangle. 

12. See fig Ex 6 


Let / be the centre of the inscribed circle, and h. Is the 
centres of two escribed circles. It is required to oonstruat 
the triangle 

Analysis Let ABG he such a triangle. From li. Is draw 
iff ind IsA perps. to /• / and hi produced, and from / draw 
W porp to hts. 
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[ Exs. 12-13 ox P. 215 ] 

Then beonuee the L e hAh nnd hBh are tt. angles, there- 
8 enV7ci5T'p’"l65?“^H“*^'“”'®‘7 'nl' pass through 

-//anTfr'^r“‘e° V. drew a eemi-oirele. Jem 

it d ™ “ “““*■» O'K'^teronee at 

«e ^ 1 *■ ® P“P- ‘0 Wj . J, in dff 

- tP GA. Then ABG is the regnircd triangle. * 

13 Let XAY be the 
gJV'PH vertical aude, p the 
fcflmi-pe-imetor. nnd r the 
r«a'ns of ihe hipcnbed circle 
‘[IS required to construct 
ifis triangle. , 

cn ^^^-lysis—Let ABG h< 
snch a triangle, and /, U 1 
t e centres of the inscribed 
and the escribed circles toncl 

TUroth/'t'*"- /f./ancl,.„roo.nii.ear. 

AF=Ab-P^J ^^ todTanddrithen 

genft to the inscribed and the escribed circle 
C Hence we have the following constrnction 

»* f'-om It ” distance of 

*-<^P AUhe pts f and"p fiPntxrl /G each equal 

mg at li TVitb cenf -/ I” nnd AY intersect 

-•Toin AL and leb^r radius /,For /iff, draw a circle. 

driw another ciX'‘ '' 

dTond/(PMX°nfa"rf''*j ^ these tiro oircica intersecting 

thcre,„„Ij““tgle. ^ « 
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[Ex. 14 on P.215] 


14. Let PAQ bo the given 
vortical angle. X the length of the 
perpendicnlar from the vertex to 
the base, and r the radios of the 
inscribed circle, /t ts required 
to oonstruct the triangle. 

Analysis-- Let ABC be aoch 
a triangle, and let I be the centre 
of the inscribed circle. Join //, 

then Al bisects the LPAQ. Through / draw a st. Imo 
pari, to AP, then its distance from AP**^" From A draw AE 
perp. to G, then AE^X From / draw ID perp to BG 

With centres / and A and radii — r and X reapcctivoly, 
draw two circles Then because the f .8 D and E are rt.. 
angles, therefore BG is the common tangent to these two 
circles, 

Hence we have the following cmistrnction 
/ Gons — Bisect the L PAQhy the st line AZ, and draw a st. 
line RS pari, to AP and at a distance of r from it Let AZ 
intersect RS at the point / ' 

With centres / and A, and radii =r and X respectively draw 
two circles Draw a common tangent to these two^circles, 
and let it intersect AP and AQ at the pts. B and 
C respectively. Then ABG is the required triangle 

15 See fig Ex 8. 

Let ABG be a triangle, and / the centre of the inscribed 
circle It «8 reqt^ed to prove that the eentres of the circles cir- 
eumieribed about the triangles BIG, GIA and AIB he on the 
circumference of the circle cirewniertbed about the inangle ABG, 

Let lx, li, h be the centres of the three escribed circles 
3oinAli,Bla and {//a, then each of them passes through/. 
Join Ills, I s/s and I 3 I 1 , and let the cirelo circnrascnoed i bout 
the triangle ABG, cnt//i, 11 % and 11% at' the pts P, Q and R 
respectively Join AQ,GQ ‘ , 
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[ Es. 1 05 P. 218J 


- It lias been proyed in Ex. 8, that pts. /, /, (?, /, 
lie {311 a circle, and tbst Q is its centra Hence the 
centre Q of the circle circumscribed alxrat the tri- 
angle CIA lies on the circum-drcle of the triangle ABO- 
Simiiarly it can he shown that PsaidR are the 
centres, of the circles circurnscribed about the tri- 
angles BIG and AIB and that they lie on the circam 
drde of the triaisgie ASG» 

Exercises on tlie Hine-Points 
Circle. P, 218. 


1. Let BG be the given fca?®, sad X 
the grrsn verticsi ansle, snd le: ABC bs i 
SnsE^e €n the tese BC having the verti- 
cal LBAG—th^ £. X. It Vi retired to 
fivd Oi€ ic-cas of thg tfenfre cf &e lixrte-^init 
ci-de. 

Because the h&se asd the verticsl angle 
are given therefore the circaa-ceatre 5 is s 



fxed point {Ex 4,PS15j and the locnsof the ortho- 

centre 0 is an arc of a segment on the fixed chord 

ECf'^hcy=e centre isP, and Trhich contains an angle 
=lBy-A ( Frc\ III, P. 210). 

A^in because //, the centre of the nine-pomts cir- 
cle is the middle point of (?ff,^and § is a fixed point, 
also 0 moTesonsn arc ofa circle; therefore theloeus 
c: A' is £E arc of a vrhose centre 6 is the middle 

SP^ aad vrhoEe rsdias ^//=| OP {Ex, 10, P. U ). 

2. See fig. Prop. 17111, P, SIS. 

^tASBDez trisa^e •yrhose orthoceatrc is (?. liisrs^ 
T-irred iofrsci (kaOhe rine-polrdt eirch cf(ht trianf>6 AEG 
it abo ths nine^Anit cird^ c/ihe trianghz AOB, BOG 
scd GOA. 
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[ Ex8 3-4 OK P. 218 ] 

Because the ame-pomts circle of the ABO passes 
through the middle poiuts of AB, AO aud OB, theiefore it 
pubbes through the middle poiuts of the sides of the c^AOB 
Heuce it isuho the ume pumts catlc of the aAOB. 

Similarly it cau he proved that it is also the ume-pomts 
tsircle of the as BOG aud 
S Bet /, /i, la aud h be 
the ceutrts of the mscnh* 
ed and Obcrihed circles of 
d triangle ABG> It, is re‘ 
ijuired to proue that 

the oil cle cirGumscrib- 
ed about the a ABG is 
the nine-points circle 

of each of thef four tri- 
angles fo med by join 
I ng three of the points 

A /i, /a aud /a- 

Because h A, h B and 
/sCarc perps to /r/ 3 , /i/a aud /i/s respectively, there fo'* 
thd'pt / IS the orthoceutre and ABO is the pedal triangle of 
the A /i/j/j. 

. The cTcum-circle of the A ABG is the oinb'points circle 
of the a/x/s/s. , 

/ It lb also the nine points circle of each of the triangles 
llth. lUh and Ua h ( 2 ) 

4r. It is requiied to prove that all triangles tohich 
have the same orthocenire and the same circumscribed 
circle, have also the same mne-points cii cle. 

Because the triangles have the same circums- 
oribed circle, hence their common ciicnm-centie is 
a dxed point and the eircnm-iadnis is of constant 
length. 


GOA 
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[Exs. 4*5 ON P.2’ 8] 

Again because the triangles have the same or* 
.tho-centie, bence it is aho a fixed pomt. 

The centre of the nine-points ciicle, vhich is 
the middle pomt of the at. line joining the ciicum- 
centie and the oithocenlre, is d,lfco a faxed point 
/ Again, because the circum-iadms is of consiant 
length, hence ^the radius of the nine-points circle, 
which is equal to half of' the circum-radius, is also 
of constant length. 

All the triangles have same nine-po*ntsciicle. 

' 5. See fig Ex. 3 

Let ilk be the given base, and / 1 / 3/3 the given vertical 
angles, it is i squired to show that one side and one angie 
of the pedai tnangie ABG, are constant. 

Because the iLs iBii and iGii are rt. angles, therefore the 
pbs, /, B, /i, G are couojchc lOomene of Tlu 40]; , 

The ifiC/ = the LBiil{Th 39). 

i=90“-the ^liijA (because iiAis 
is a rt angle). 

Bat the l i\kA is given constant, therefore the l BGi is 
also constant. Hence the L BGA, which is equal to twice the 
/ BGi, 18 also constant. 

Again because the base and the vertical angle are ^iven 
therefore the centre of the circumscribed circle is fi ed (JSir. 
4. P. 215), and the radius of the circumscribed circle is of 
constant length. ’ , 

Hence tne radius of the nine-points circle, which is equal 
to half of the circnm-radius, is also of constant length, /. e, 
the radius of the circum-Circle of the is constant. 

AB the chord of the circum-circle of the £iABG sub- 
tended by a constant angle BGA is of constant length. 

One side AB and one angle BGA of the pedal aABG>- 
to given. 
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[Ex 6osP. 21»] 

6 . Let ABG bo a triangle on the 
given base BG and having the given 
vertical angle BAG. J.et IJt and la be 
the three escribed centres of. the A ABG, 
and let P be the circum-centre of the 
a/i/»/ 3 . required to find the 

^^^ife^/and 0 be the centres of the inscribed and the cir- 
cumscribed circles of the A ABG. Then becsuse'the base 

BG and the vertical lA are given, hence 0 is' a fixed point 
(J?JC d. P- 215), and the locus of / is the arc of the segment 
BIG on the fixed chord BG containing an angle=90“« ^ Proji ) 
IV, P 210) , 

Because I is the orthocentre of the a IiU- and ABG is 
its pedal triangle, therefore the circnm-circle of the a ABO 
18 the mne-points circle of the a LIsIs ( Obs Prop. VIII, P, 
216 ), and therefore 0 is the centre of the nine-points circle 
of the A Iilals. **1^®*! bisected at 0 ( Prop. (»), 

P 817)» 

Let Q be the centre of the circle of which B/0 is 
an arc, then Q is a fixed point. Join QO, and pro- 
duce it to B such that 0R=^0Q, then R is also a fixed ’ 
point i 

Join IQ and PR. Then in the abIOQ and POR, be- 
cause lO-OP, 0Q=0R and the z I OQ— the l POR ' 

The triangles are identically equal { Th. 4)^ and 
theieforepff= /(?. 

But IQ being i^he radius of the circle of which 
BIG is an arc is of constant length. 

PR is also of constant length. < 
the locus of Pis an a.ro BPG on the fixed, 
chord BCi the centre of which is and radius PB=lQ, 




IMPORTANT NOTICE. 



We have also prepared chorts containing o^^ 
eleven formula3 “which will enable the School “Lea\ 
ing Students to solve all questions in Mensuiatioj 
for finding the areas of all the important leguli^ 
figures and the^i'adii of their insciibed and ciicumi 
cribed circles, ^trhese choits are offered at a veq 
moderate piice of one anna and a half each. 
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